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The orbital structure of the quantum Hall ferromagnetic states in the zero-energy Landau level
in chiral multilayer graphene (AB, ABC, ABCA, etc. stackings) is determined by the exchange
interaction with all levels, including deep-lying states in the Dirac sea. This exchange field favors
orbitally coherent states with a U(1) orbital symmetry if the filling factor ν is not a multiple of the
number of layers. If electrons fill the orbital sector of a fixed spin/valley component to one-half, e.g.,
at ν = ±3,±1 in the bilayer and at ν = ±2,±6 in the ABCA four-layer, there is a transition to an
Z2×U(1) manifold. For weak interaction, the structure in the zero-energy Landau band compensates
for the different exchange interaction on the sublattices in the Landau orbitals; on the other side,
the ground state comes in two copies that distribute charge on the sublattices differently. We expect
a sequence of similar bifurcations in multilayers of Bernal stacking.
PACS numbers: 73.43.Cd,73.22.Pr
In their pristine form, monolayer graphene,1 bilayer
graphene2 and trilayer graphene3 are zero-gap semicon-
ductors with a Landau level at zero energy, i.e., where
the valence and the conduction bands touch in the ab-
sence of a magnetic field. This level significantly affects
the integer quantum Hall effect4 (IQHE). Quantum Hall
ferromagnetism (QHF),5 combined with smaller terms
such as the Zeeman energy, fully resolves this level,6,7
Particularly interesting are the multilayers, because their
zero-energy Landau band (ZLB) has orbital degeneracies
above the ubiquitous spin and valley quasidegeneracies.
Recently, Shizuya has pointed out that the exchange
field created by the sea of filled Landau levels (LL’s) is es-
sential for correctly identifying the QHF ground states in
bilayer graphene8 and ABC trilayer.9 This exchange field
favors orbitally coherent states, in contrast to the Hund’s
rule picture10,11 that predicts the order the zero-energy
orbitals are filled. We make use of this observation, but
no longer treat the Dirac sea as inert. We identify a
number of QHF states, and find that the interplay of the
sublattice structure and exchange leads to bifurcations
of the ground state manifold if the number of layers s is
even and the filling factor is such as to half-fill the orbital
sector of fixed spin and valley at zero energy.
Hamiltonians. The following class of Hamiltoni-
ans concisely describes the low-energy physics of chi-
ral (rhombohedral) stacking series, i.e., the AB, ABC,
ABCA... multlilayers (s > 1 is the number of layers) if
the layers are energetically equivalent,
Hˆ
(s)
ξ =
v2
(−γ1)s−1
(
0 (π†)s
πs 0
)
− gµBB · σ, (1)
where π = px + ipy with p = −i~∇ − eA, v =√
3aγ0/2~ ≈ 106 m/s is derived from the γ0 intralayer
nearest-neighbor hopping amplitude, and γ1 ≈ 0.4 eV
is the interlayer hopping between dimer sites (i.e., sites
exactly above/below one another).
For bilayer graphene, Hˆ
(2)
ξ is obtained by a Schrieffer-
Wolf transformation12 from the Slonczewski-Weiss-
McClure tight-binding model of graphite,13 expanded to
first order in the momentum difference q− ξK from the
nonequivalent corners K,−K of the hexagonal first Bril-
louin zone. This Hamiltonian is block diagonal in the
valley index; it acts on spinors built up of the amplitudes
[ψA1, ψB2] in valleyK and [ψB2, ψA1] in valley−K, where
A2 and B1 are dimer sites, while the A1 and B2 sites
(nondimer sites) are above/below the center of a hexagon
in the other layer. The interlayer next-nearest neighbor
hoppings γ3 = γA1,B2 and γ4 = γA1,A2 = γB1,B2 have
been neglected, just like the on-site energy difference ∆′
between the dimer sites (A2, B1) and the nondimer sites
(B2, A1).
If the sublattices are denoted An and Bn, so that
(B1, A2) and (B2, A3) are dimer site pairs for the ABC
trilayer graphene, Hˆ
(3)
ξ acts on amplitudes (A1, B3) in
valley K and (B3, A1) in valley −K.14 The second layer
hopping γ2 ≡ γA1,B3 has also been neglected. For four-
layers in the ABCA stacking (s = 4), the approximations
are the same.
Hamiltonians Hˆ
(s)
ξ have both negative and posi-
tive energy LL’s at ǫ
(s)
n = sgn(n)εs
√∏s−1
i=0 (|n| − i),
with εs ≡ (2~v2eB)s/2/γs−11 , and s zero energy LL’s,
0 ≤ n < s. The orbitals are Ψ|n|≥s,qξ(r) =
1√
2
(
η|n|q(r)
sgn(n)η|n|−s,q(r)
)
and Ψ0≤n<s;qξ(r) =
(
ηnq(r)
0
)
,
where ηnq(r) =
eiqx−(y/ℓ−qℓ)
2/2√
2π
√
π2nn!ℓ
Hn
(
y
ℓ − qℓ
)
are the single-
particle states in the conventional two-dimensional elec-
tron gas with guiding center position at y = qℓ2 in the
Landau gauge A = yˆBx. ℓ =
√
~/(eB) is the magnetic
length, and the filling factor is ν = 2πℓ2ρ.
Suppressing spin and valley indices to avoid clutter,
2the long-range part of the Coulomb interaction is
Vˆ =
e2
8πǫ
∑
n1n2n3n4
∑
p1p2
∫
d2k
(2π)2
F (s)n1n4(k)F
(s)
n2n3(−k)
2π
k
cˆ†n1p1 cˆ
†
n2p2 cˆn3,p2−ky cˆn4,p1+kye
ikxℓ
2(p2−p1−ky), (2)
where cˆnp annihilates an electron with quantum numbers
n and p, and the form factor F
(s)
nn′(k) is F
(s)
nn′(k) = Fnn′(k)
if 0 ≤ n, n′ < s; 1√
2
F|n||n′|(k) if either 0 ≤ n < s or 0 ≤
n′ < s; and
(
F|n||n′|(k) + sgn(nn′)F|n|−s,|n′|−s(k)
)
/2 if
|n|, |n′| ≥ s; otherwise it is undefined. We have used
Fn′n(k) =
√
n!
(n′)!
(
ℓ
ky − ikx√
2
)n′−n
Ln
′−n
n
(
k2ℓ2
2
)
e−k
2ℓ2/4,
if n′ ≥ n, else Fnn′(k) = F ∗n′n(−k). We have ne-
glected the difference between the intralayer and inter-
layer interactions, because the distance d = 0.335 nm
between the layers is much less than ℓ. The electron-
electron interaction also includes a short-range part that
reflects the symmetry of the Bravais lattice. This part
determines the spin and valley structure of several QHF
states,15 but it is not of interest in our study. Let us
characterize the relative strength of the interaction by
β(s) = e2/4πǫℓεs ∝ B(1−s)/2.
For our purposes, the minimal models Hˆ
(s)
ξ are appli-
cable if the splitting of the ZLB due to the neglected
hoppings such as the trigonal warping term γ3 is small
(see Supplementary Material),16 and the moderate en-
ergy orbitals are only slightly distorted by the closeness
of the Lifshitz transition saddle point12,14 on the low end
and the split bands around ±γ1 at the high end.16,17
The latter requires β(2) . 17/(ǫr
√
B [T]) ≈ 9.2, β(3) .
188/(ǫrB [T]) ≈ 38, and β(4) . 2073/(ǫrB3/2 [T]) ≈ 41,
where we have estimated ǫr ≈ 4 in the final numbers;16
and for n . 120/B[T] the LLs are far from ±γ1 for any
s.16 The two-band model slightly overestimates the LL
energies;18 these ensuing quantitative modifications will
be discussed below.
We do standard mean-field decomposition of Vˆ . The
direct (Hartree) term Vˆ H is canceled as usual by the
background for any homogeneous state. The exchange
(Fock) term Vˆ F can be written as
Vˆ F
Nφ
= − e
2
4πǫ
∑
nn′mm′
∑
ξξ′σσ′
∫
d2k
(2π)2
F (s)nm(k)F
(s)
m′n′(−k)
2π
k[〈
cˆ†mpξσ cˆm′pξ′σ′
〉
cˆ†n,p−ky,ξ′σ′ cˆn′,p−ky,ξσ−
−1
2
〈
cˆ†mpξσ cˆm′pξ′σ′
〉〈
cˆ†np−ky,ξ′σ′ cˆn′,p−ky,ξσ
〉]
, (3)
where p is arbitrary but fixed and Nφ is the number of
flux quanta piercing the sample. The angular integral
vanishes unless |n| − |m| = |n′| − |m′|.
At ν = −2s the ZLB is empty; the single-
particle gap gives rise to an IQHE. For rota-
tionally invariant states, the exchange interaction
Vˆ F mixes LL’s m,m′ only if |m| = |m′|.16,19
Seeking the ground state in the parametric form
Ψ
(s)
0 =
∏
m≤−s
∏
q,ξ,σ
(
cos (θmξσ/2) e
iφmξσ/2cˆ†mqξσ+
sin (θmξσ/2) e
−iφmξσ/2cˆ†−m,qξσ
)
|0〉 , the ground-state en-
ergy is (suppressing ξ, σ for brevity)
E
(s)
0
Nφ
= −εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm− (4)
−1
2
∞∑
n=s
∞∑
m=s
[
Xnmw
+(θm, φm)w
+(θn, φn) +
+Xn−s,m−sw−(θm, φm)w−(θn, φn)+
+
1
2
X(s)nm (cos θm cos θn − sin θm sinφm sin θn sinφn)
]
,
where we have defined w±(θ, φ) = (1 ± sin θ cosφ)/2,
Xn1n2n3n4 =
e2
4πǫ
∫
d2k
(2π)2Fn1n2(k)F
∗
n3n4(k)
2π
k , Xnm =
Xnmnm, and X
(s)
nm = Xnm,n−s,m−s.16 [The ratio of the
first term in Eq. (4) to the subsequent terms depends
on β(s).] Here w±(θm, φm) is the weight the electron
in the fixed |m| subspace has in the sublattice that cor-
responds to the top (bottom) spinor component. For
minimizing E
(s)
0 numerically, an LL cutoff −M is intro-
duced. We set θm>M,ξσ = 0 and utilize the identity∑∞
n=0 |Fn′n(k)|2 = 1 for arbitrary n′, for reducing in-
finite summations of exchange integrals to finite sums,
plus a featureless divergent constant we omit.8,9,16 The
exchange field is still due to all filled levels; we merely
treat the low-lying ones as inert. The charge distribution
w± for the optimized parameters are shown in Fig. 1 for
M = 12; larger cutoffs yield practically identical results.
Only the topmost LL’s are affected by the interaction.
As the exchange between lower-n spinor components ηnq
is larger, the filled state in the fixed |m| subspace is se-
lected so that it increases its weight in the lower com-
ponent. This tendency is limited by the kinetic energy.
While the charge transfer between sublattices is infinites-
imal in the infinite band width model we consider, it is
finite in a lattice description, where the direct (Hartree)
interaction also counteracts it.
The completely filled ZLB at ν = 2s is treated by
the Ansatz Ψ
(s)
s =
∏
q
∏s−1
n=0 cˆ
†
nqΨ
(s)
0 . The optimal states
Ψ
(s)
0 and Ψ
(s)
s are related:16 if {θm, φm} optimizes Ψ(s)0 ,
{θm, φm+π} optimizes Ψ(s)s . The preferential sublattices
are interchanged. This is a manifestation of particle-hole
symmetry.
At ν = ν + 4 = 1 relative filling of the ZLB of bilayer
graphene, all of the spin, valley, and orbital symmetries
must be broken. Assume the first two have already been
broken, as dictated by the tiny but nonzero Zeeman en-
ergy gµBB ≈ 1.3B[T] K, and, as valley is equivalent to
layer in the ZLB,12 by the minimization of the capacitive
energy.16 We seek the translation-invariant ground state
3FIG. 1: (Color online) In the integer quantum Hall effect
at ν = −2s of chiral s-layer graphene, the mixing of or-
bitals of index ±m produces an unequal charge distribution
w±(θm, φm) = (1 ± sin θm cos φm)/2 on the sublattices that
belong to the top spinorial component (empty symbols) and
the bottom one (filled symbols). At ν = 2s the sublattices
are interchanged.
as Ψ
(2)
1 =
∏
q
(
z0cˆ
†
0q + z1cˆ
†
1q
)
Ψ
(2)
0 , which has the energy,
E
(2)
1
Nφ
=
E
(2)
0
Nφ
−X00
2
|z0|4−X11
2
|z1|4−(X01+X0011)|z0|2|z1|2−
−
∞∑
m=2
(|z0|2X0m + |z1|2X1m)w+(θm, φm). (5)
The weak-coupling solution (β(2) → 0) is |z0|2 =
|z1|2 = 12 and the relative phase of z0, z1 is irrelevant;
the state has orbital coherence (possibly above layer co-
herence), and it is its own particle-hole conjugate. The
exchange field of the filled Dirac sea acts differently on
the n = 0, 1 orbitals, in analogy to the Lamb shift in
QED.8 This in turn removes the advantage of placing all
electrons in the n = 0 orbitals, which would minimize
the intra-ZLB part of the exchange interaction.10
At finite β(2) we minimize E
(2)
1 with a LL cutoff −M ,
keeping the m < −M LLs but treating them as inert.
Remarkably, the above structure of the ZLB is preserved
for finite interaction strength up to β
(2)
c ≈ 3.56 [see
Fig. 2(a)]. For this state θm = 0. Physically, with an
equal weight of n = 0, 1 orbitals filled there is no pref-
erential sublattice, and the optimization in the |m| ≥ 2
subspaces decouples from the rest. For β(2) > β
(2)
c , the
gain of exchange energy from an unequal filling of sub-
lattices compensates the kinetic energy cost; such states
must come in pairs, as z0 ↔ z1 and φm ↔ φm + π is
an exact symmetry of Eq. (5). The symmetry of the
ground-state manifold increases from U(1) to Z2×U(1)
at β(2) = β
(2)
c . The coefficients of the ZLB structure
can be identified with an “isospin”. For β(2) < β
(2)
c
this points to the equator of the Bloch sphere, while for
β(2) > β
(2)
c it maps out two parallel circles in the two
hemispheres [insets of Fig. 2(a)]. β
(2)
c = 3.56 corresponds
to Bc = 23 T/ǫ
2
r. Estimating ǫr ≈ 4 for the effect of a
FIG. 2: (Color online) Bifurcation of the ground-state man-
ifold. (a) In the bilayer graphene at ν = 1, the orbitally
coherent ground state comes in two symmetry-related copies
if the interaction is strong enough, β(2) > β
(2)
c ≈ 3.56. The
insets show the circle(s) the orbital isospin z0 ≡ cos
Θ
2
eiΦ/2,
z1 ≡ sin
Θ
2
e−iΦ/2 maps out in the two regions. (b) In the
ABCA four-layer at ν = 2 the ground state no longer belongs
to the balanced subspace for β(4) > β
(4)
c ≈ 2.6; thus it must
come in symmetry-related pairs.
substrate and the screening by the other carbon bands,
this is around Bc ≈ 1.43 T.
As Vˆ F does not couple different spin and valley com-
ponents, the trial state and its energy [Eq. (5)] gener-
alize trivially with a component-specific parameter set
z0ξσ, z1ξσ. The states with several partially filled com-
ponents are disfavored at any integral filling ν16. Thus
at ν = −2, 0, 2 there are only completely filled and empty
components, confirming Hund’s rule.10 At ν = ±3,±1,
one partially filled component has the structure given
previously for the spinless case [Fig. 2(a)]; (ν+3)/2 com-
ponents are filled, and the rest are empty.
For the bifurcation it was essential that a proper QHF
structure in the ZLB removed the inequivalence of the
sublattices that correspond to the spinor components. As
this needed half-filling of an orbital sector, we may expect
similar phenomena at ν = ν + 8 = 2 filling of four-layer
graphene in ABCA stacking. Again, we assume the spin
and valley degrees of freedom have ordered, and seek the
ground state as Ψ
(4)
2 =
∏
q
(∑
i<j wij cˆ
†
iq cˆ
†
jq
)
Ψ
(4)
0 , with
skew-symmetric wij , and
∑
i<j |wij | = 1. The ground-
state energy is
E
(4)
2
Nφ
=
E
(4)
0
Nφ
−1
2
3∑
i=0
XiiC
2
ii−
∑
i<j
(
XijCiiCjj +Xiijj |Cij |2
)−
− 2X0121ℜ(C21C01)− 2X0213ℜ(C01C32 + C31C02)−
− 2X1223ℜ(C32C12)−
∞∑
m=4
3∑
i=0
XimCiiw
+(θm, φm), (6)
where Cij = 〈cˆ†iq cˆjq〉 is detailed in Ref. 16. Let wij =
|wij |eiφij with φij real. E(4)2 is unchanged by φ01 →
φ01+2δ, φ02 → φ02+δ, φ13 → φ13−δ, and φ23 → φ23−2δ.
The ground state manifold has U(1) symmetry. Including
4spin and valley, this state occurs in one component at
ν = ±6,±2; other components are either full or empty.
The class of states with no preferred sublattice for the
|m| ≥ 4 LL’s will be called “balanced”. These fulfill the
property Cii =
1
2 , which is equivalent to |w01| = |w23|,|w02| = |w13|, and |w03| = |w12|. Then θm = 0, and we
have six independent parameters to optimize.
In the weak-coupling limit β(4) → 0 the ground state
is balanced with w01 = w23 = 0.311, w02 = 0.504e
0.035i,
w03 = 0.387e
0.012i, w12 = 0.387e
−0.014i and w13 =
0.504e0.04i. With finite β(4) & 2.6, the variational state
restricted to the “balanced” subspace yields higher en-
ergies than the complete search [Fig. 2(b)], which indi-
cates a bifurcation as minima must come in particle-hole
conjugate pairs {wij , θm, φm} and {w01 ↔ w23, w02 ↔
−w13, w03 ↔ w12, θm, φm + π}. β(4)c ≈ 2.6 corresponds
to Bc = 86 T/ǫ
2/3
r ; using ǫr ≈ 4, Bc ≈ 34 T. As the two-
band models overestimate the LL energies,18 the mixing
of the orbitals ±m may be less costly, reducing β(4)c , pos-
sibly taking Bc beyond the experimental range.
If a QHF state does not fill the orbital sector of the ZLB
to one-half, balanced states do not exist. Particle-hole
symmetry is then manifest in the relation connecting the
QHFs at ν and −ν. In particular, the mean-field ground
state of ABC trilayer graphene at ν = ν+6 = 1, 2 and of
the ABCA four-layer at ν = ν + 8 = 1, 3 can be sought
for in the form Ψ
(s)
1 =
∏
q
(∑s−1
i=0 zicˆ
†
iq
)
Ψ
(s)
0 and Ψ
(s)
s−1 =∏
q
(∑s−1
i=0 zicˆiq
)(∏s−1
i=0 cˆ
†
iq
)
Ψ
(s)
0 , with
∑
i |zi|2 = 1.
By elementary algebra,16 the phases of the zi
parameters appear in the ground state energies
in a single term −2X0121ℜ(z∗0z21z∗2) for the tri-
layer and −2X0121ℜ(z∗0z21z∗2) − 4X0213ℜ(z∗0z1z2z∗3) −
2X1223ℜ(z∗1z22z∗3) for the four-layer, respectively. The op-
timization of the phases imposes one and two constraints,
respectively, Thus the ground-state manifold has U(1)
symmetry in each case. Moreover, if {zi, θm, φm} opti-
mizes the ground-state energy at ν = 1, {zi, θm, φm+ π}
does the same at ν = s− 1; the two states are related by
intracomponent particle-hole symmetry. For the magni-
tudes of the parameters, see Fig. 3.
FIG. 3: (Color online) The orbital amplitude parameters |zi|
of the QHF state ν = 1, s − 1 in (a) ABC trilayer graphene
and (b) ABCA four-layer graphene.
With spin and valley, the ground state at ν = −s, 0, s
follows Hund’s rule,10,11 at ν = −2s + 1,−s + 1, 1, and
s+1 it has a partially filled component with the structure
of Ψ
(s)
1 , and at ν = −s − 1,−1, s − 1 and 2s − 1 it has
a partially filled component with the structure of Ψ
(s)
s−1.
Particle-hole symmetry always holds.
Conclusion. When the filling factor is in the zero-
energy Landau band, but not a multiple of the num-
ber of layers, the QHF ground state is orbitally coher-
ent with an orbital U(1) symmetry. The orbital or-
der should disappear in a Berezinsky-Kosterlitz-Thouless
transition at some finite temperature. Below that an or-
bital Goldstone mode is expected. The bifurcation of the
ground-state manifold at half-filling of an orbital sector
must be generic in rhombohedral graphene with an even
number of layers; we have presented evidence for this
in two- and four-layers. Multilayers in standard Bernal
stacking20 can be mapped to a collection of monolayers
and bilayers; the latter with a scaled parameter γ1 =
2 cos (π/2−mπ/(2(s− 1))) with m = 1, 3, . . . (s− 1) for
s even and m = 0, 2, . . . (s−1) for s odd.21 Therefore, bi-
furcations in the bilayer-like part generates complicated
ground-state structures in these systems. The analysis
of these transitions is beyond mean-field theory, and is
delegated to a future publication.
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I. THE RANGE OF VALIDITY OF THE TWO-BAND MODELS
Our study is based on the two-band model of chiral (rhombohedral) multilayer graphene, Hˆ
(s)
ξ defined in Eq. (1)
of the paper. Trigonal warping and next-nearest neighbor hoppings, named γ3, γ4 and γ2 in the terminology of the
Slonczewski-Weiss-McClure model, have been neglected. We discuss the appropriateness of these approximations for
the kind of calculations that is presented in the paper.
A. Splitting of the (ideally) zero-energy Landau band
Trigonal warping introduces some mixing among the orbitals of the two-band model. This changes the energy of
the n = 1 orbitals in the zero-energy Landau band (ZLB) of the bilayer, the n = 1 and n = 2 orbitals of the ABC
trilayer, etc. I discuss this effect based on Ref. 18.
(i) Inspecting Fig. 5(b,d) in Ref. 18, the energy splitting of the zero-energy Landau band is roughly
|E0 − E1|
B
=
0.01 eV
26 T
(1)
for the bilayer and
max{|E0 − E2|, |E0 − E1|}
B
=
0.01 eV
30 T
(2)
for the chiral trilayer. The four-band and six-band models, respectively, predict about 15% less splitting at high
magnetic fields (≈ 30 T); for small fields the six-band model predicts about 50% less than the two-band model for
the trilayer. In comparison to the Coulomb energy scale, which is relevant to the exchange energy considerations of
the paper,
|E0 − E1|
/
e2
4πǫℓ
≈ ǫr
√
B [T]
145.6
(3)
for the bilayer and
max{|E0 − E2|, |E0 − E1|}
/
e2
4πǫℓ
≈ ǫr
√
B [T]
168
(4)
for the ABC trilayer.
In the case of the bilayer, consider ǫr = 4 and B = 1.43 T (which corresponds to the bifurcation at this dielectric
constant, one prediction our study), |E0 − E1|
/
e2
4πǫℓ ≈ 0.032; this is a small quantitative correction.
In the trilayer, consider ǫr = 4 and B = 10 T, a typical experimental setting. Then max{|E0 − E2|, |E0 −
E1|}
/
e2
4πǫℓ ≈ 0.06, which might modify the coefficients of the n = 0, 1, 2 orbitals (see Fig. 3), but it does not affect
the qualitative point I make for the trilayer, namely that Hund’s rule is violated and particle-hole symmetry always
holds.
B. Distortion of the low-index Landau orbitals
Trigonal warping starts to influence the structure of the Landau orbitals when the energy of the lowest Landau level
outside of the zero-energy band, of index n = ±s, approaches the energy of the saddle point that trigonal warping
introduces in the low-energy spectrum (c.f. Ref. 14). The latter energy scale is also called the Lifsitz transition energy,
as the constant energy contour becomes multiply connected below this energy. This issue is different from the effect
of trigonal warping on the spectrum; for the latter it is more appropriate the compare the small-index Landau level
energies with the energy scale that appears in front of the trigonal warping term in the two-band model, c.f. Sec. III.A.
of Ref. 18.
For bilayer graphene, E
(2)
LiTr =
mv23
2 , where v3 ≈ 105 m/s, m = γ12v2 , γ1 ≈ 0.4 eV, and v ≈ 106 m/s. From
~ωc
√
2 = E
(2)
LiTr we get B =
γ21v
2
3
8v2~e
√
2
≈ 0.215 T. This is a rather small magnetic field. The interaction strength
7parameter, introduced in the paper and Eq. (24) below, is β(2) = e
2
4πǫℓ
/
2~v2eB
γ1
≈ 17
ǫr
√
B [T]
, which, for the above
magnetic field and a generous estimation ǫr ≈ 4, corresponds to β(2) ≈ 9.2. This is definitely above the range
β(2) ≈ 3.5 where the bifurcation should occur.
In Ref. 17 we calculated the overlap of the Landau orbitals in the presence of trigonal warping (and other hoppings)
with those without trigonal warping in the four-band model of bilayer graphene. In Fig. 2 the overlap is shown as the
parameters γ3, γ4, and ∆
′ are tuned from zero to their literary value. We found that trigonal warping is definitely
the most important perturbation. The change of the n = 1,±2,±3 Landau orbitals is significant for B = 0.1 T, but
rather small for B = 1 T; the change of higher energy orbitals is exptected to be even smaller. This numerical finding
is consistent with the above argument that trigonal warping becomes significant below or near 0.2 T. Thus at and
around the critical interaction strength, which corresponds to B = 1.43 T at ǫr = 4, the distortion of small-energy
orbitals outside the zero-energy Landau band is rather small.
For ABC trilayer graphene, using Koshino and McCann’s Ref. 14, E
(3)
LiTr =
γ1
4
(
v3
v
)2
. Setting the energy of the
first excited Landau level (2~v
2eB)3/2
γ21
√
6 equal to the Lifsitz transition energy E
(3)
LiTr we get B =
(
v3
v
)4/3 γ21
~v2e28/331/3
≈
1.232 T. This is no longer small, but typical experiments are performed in somewhat higher magnetic fields. The
corresponding interaction strength parameter is β(3) = e
2
4πǫℓ
/
(2~v2eB)3/2
γ21
≈ 188ǫrB [T] , which, for the above magnetic
field and ǫr ≈ 4, corresponds to β(3) ≈ 38. Thus our figures, plotted up to β(3) = 6, are on the safe side.
For the ABCA four-layer, using Eq. (14) of Ref. 14, using γ2 = 0, the saddle point separating the Dirac point at
the origin from one of the three side Dirac points can be found to be at E
(4)
LiTr = 4γ1
(
v3
v
)4
. This is a tiny energy, but
the Landau levels are also rather dense. Setting the energy of the first excited Landau level (2~v
2eB)2
γ31
√
24 equal to the
Lifsitz transition energy E
(4)
LiTr, we get B = (24)
1/4
(
v3
v γ1
)2 1
~v2e ≈ 5.38 T. The corresponding interaction strength is
β(4) = e
2
4πǫℓ
/
(2~v2eB)2
γ31
≈ 2073
ǫrB3/2 [T]
, which, for the above magnetic field and ǫr ≈ 4, corresponds to β(3) ≈ 41.5.
C. Single-particle energies beyond the zero-energy Landau band
The two-band model typically overestimates the single-particle energies outside of the ZLB, c.f. Ref. 18. This in turn
overestimates the cost of mixing the index −m and +m orbitals to minimize the exchange energy. In the cases where
bifurcation occurs in the ground state manifold, this leads to an overestimation of the critical interaction strength β(2)
or β(4). In a fixed dielectric environment this leads to an underestimation of the critical magnetic field. As estimated
in the paper, the critical fields are Bc ≈ 1.43 T for the bilayer at ν = −3 and Bc ≈ 34 T for the chiral four-layer
at ν = −7. A moderate upward shift of the first is harmless, but in the second case it may render the bifurcation a
theoretical possibility.
D. Separation from the split bands
We estimate the cutoff Landau level M under which the two-band model is valid from setting its energy equal to
the interlayer nearest neighbor hopping γ1. Recall that two split bands start at ±γ1. Thus, for the bilayer,
~ωc
√
M(M − 1) = 2~v
2eB
γ1
√
M(M − 1) = γ1,
M(M − 1) =
(
γ21
2~v2eB
)2
≈
(
122
B [T]
)2
.
Hence M . 122B [T] +
1
2 . For the ABC trilayer,
(2~v2eB)3/2
γ21
√
M(M − 1)(M − 2) = γ1,
M(M − 1)(M − 2) =
(
γ21
2~v2eB
)3
≈
(
122
B [T]
)3
.
8Hence M . 122B [T] + 1. For the ABCA four-layer,
(2~v2eB)2
γ31
√
M(M − 1)(M − 2)(M − 3) = γ1,
M(M − 1)(M − 2)(M − 3) =
(
γ21
2~v2eB
)4
≈
(
122
B [T]
)4
.
Hence M . 122B [T] +
3
2 .
Thus, the Landau level cutoff can be safely estimated for all cases we are interested in as
M .
120
B [T]
. (5)
II. THE MEAN-FIELD HAMILTONIAN
Using the Landau gauge A = yˆBx, the Landau orbitals of the conventional two-dimensional electron gas are
ηnq(r) =
eiqx−(y/ℓ−qℓ)
2/2√
2π
√
π2nn!ℓ
Hn
(y
ℓ
− qℓ
)
, (6)
where Hn is a Hermite-polynomial. I often use the matrix elements of the plane wave,
〈n′, q′|e−ik·r|nq〉 = δ(q − q′ − ky)Fn′n(k)e−ikxℓ
2(q+q′)/2, (7)
where I define
Fn′n(k) =
√
n!
(n′)!
(
ℓ
ky − ikx√
2
)n′−n
Ln
′−n
n
(
k2ℓ2
2
)
e−k
2ℓ2/4, (8)
if n′ ≥ n, else Fnn′(q) = F ∗n′n(−q). Lmn (z) is an associated Laguerre polynomial. Then the density operator is
ρˆσσ′ (k) =
∫
d2re−ik·rΨ†σ(r)Ψσ′(r) =
∑
n,n′
∫
dpFn′n(k)e
−ikxpℓ2 cˆ†n′,p−ky/2,σ cˆn,p+ky/2,σ′ . (9)
The interaction part of the Hamiltonian is
Vˆ =
e2
8πǫ
∑
σ,σ′
∫
d2k
(2π)2
: ρˆσσ(k)ρˆσ′σ′(−k) : 2π
k
=
=
e2
8πǫ
∑
n1n2n3n4
∫
dp1
∫
dp2
∑
σ,σ′
∫
d2k
(2π)2
Fn1n4(k)Fn2n3(−k)
2π
k
×
× cˆ†n1p1σ cˆ†n2p2σ′ cˆn3,p2−ky,σ′ cˆn4,p1+ky,σeikxℓ
2(p2−p1−ky). (10)
Now, if the basis states have some spinorial structure,
Ψnq(r) =
(
Anηnq(r)
Bnηn−sq(r)
)
, (11)
cˆ†nq cˆ
†
n′q′ creates a two-particle state with Det
(
Anηnq(r1) An′ηn′q′(r1)
Anηnq(r2) An′ηn′q′(r2)
)
in one sublattice, and
Det
(
Bnηn−s,q(r1) Bn′ηn′−s,q′(r1)
Bnηn−s,q(r2) Bn′ηn′−s,q′(r2)
)
in the other sublattice. Thus the interaction becomes
Vˆ =
e2
8πǫ
∑
n1n2n3n4
∫
dp1
∫
dp2
∑
σ,σ′
∫
d2k
(2π)2(
A∗n1A
∗
n2An3An4Fn1n4(k)Fn2n3(−k)V11(k) +A∗n1B∗n2Bn3An4Fn1n4(k)Fn2−s,n3−s(−k)V12(k)+
+B∗n1A
∗
n2An3Bn4Fn1−s,n4−s(k)Fn2n3(−k)V21(k) + +B∗n1B∗n2Bn3Bn4Fn1−s,n4−s(k)Fn2−s,n3−s(−k)V22(k)
)
cˆ†n1p1σ cˆ
†
n2p2σ′
cˆn3,p2−ky,σ′ cˆn4,p1+ky,σe
ikxℓ
2(p2−p1−ky), (12)
9where, using the distance d = (s− 1)0.335 nm between the layers,
V11(k) = V22(k) =
2π
k
, V12(k) = V21(k) =
2π
k
e−d|q|. (13)
As d≪ ℓ, the difference between V11 = V22 and V12 = V21 can be neglected, and
Vˆ =
e2
8πǫ
∑
n1n2n3n4
∫
dp1
∫
dp2
∑
σ,σ′
∫
d2k
(2π)2
F˜n1n4(k)F˜n2n3(−k)
2π
k
cˆ†n1p1σ cˆ
†
n2p2σ′
cˆn3,p2−ky,σ′ cˆn4,p1+ky,σe
ikxℓ
2(p2−p1−ky), (14)
with1
F˜n′n(k) = AnAn′Fn′n(k) +BnBn′Fn′−s,n−s(k). (15)
With the particular choice of orbitals of the minimal model of rhombohedral s-layer graphene, we get F˜nn′(k) =
F
(s)
nn′(k),
F
(s)
nn′(k) =

Fnn′(k) if 0 ≤ n < s and 0 ≤ n′ < s,
1√
2
F|n||n′|(k) if either 0 ≤ n < s or 0 ≤ n′ < s,
1
2
(
F|n||n′|(k) + sgn(nn′)F|n|−s,|n′|−s(k)
)
if |n| ≥ s and |n′| ≥ s,
undefined if −s < n < 0 or −s < n′ < 0.
(16)
By standard mean-field decomposition Vˆ HF = Vˆ H + Vˆ F, with
Vˆ H
Nφ
= − e
2
8πǫ
∑
nn′mm′
∑
ξξ′σσ′
∫
dp
∫
d2k
(2π)2
F (s)nm(k)F
(s)
m′n′(−k)
2π
k
×
×
[〈
cˆ†m′pξ′σ′ cˆn′pξ′σ′
〉
cˆ†nqξσ cˆmqξσ +
〈
cˆ†npξσ cˆmpξσ
〉
cˆ†m′qξ′σ′ cˆn′qξ′σ′ −
〈
cˆ†npξσ cˆmpξσ
〉〈
cˆ†m′qξ′σ′ cˆn′qξ′σ′
〉]
, (17)
and
Vˆ F
Nφ
= − e
2
4πǫ
∑
nn′mm′
∑
ξξ′σσ′
∫
d2k
(2π)2
F (s)nm(k)F
(s)
m′n′(−k)
2π
k
×
×
[〈
cˆ†m′pξσ cˆmpξ′σ′
〉
cˆ†n,p−ky ,ξ′σ′ cˆn′,p−ky ,ξσ −
1
2
〈
cˆ†m′pξσ cˆmpξ′σ′
〉〈
cˆ†n,p−ky,ξ′σ′ cˆn′,p−ky,ξσ
〉]
, (18)
where p is arbitrary but fixed, Nφ is the number of flux quanta piercing the sample. Notice that the angular integral
in Eq. (18) vanishes unless |n| − |m| = |n′| − |m′|.
For future reference let us introduce the following exchange energy constants:
Xn1n2n3n4 =
e2
4πǫ
∫
d2k
(2π)2
2π
k
Fn1n2(k)F
∗
n3n4(k), (19)
Xn′n = Xn′nn′n =
e2
4πǫ
∫
d2k
(2π)2
2π
k
|Fn′n(k)|, (20)
X
(s)
n′n = Xn′nn′−s,n−s =
e2
4πǫ
∫
d2k
(2π)2
2π
k
Fn′n(k)F
∗
n′−s,n−s(k). (21)
Closed form expressions for Xn′n and X
(s)
n′n are provided in Section VII, and relevant special cases are given in Table
S1. Notice that all of these expressions scale with e
2
4πǫℓ , which is the natural scale of the interaction energy in these
systems.
Recall that the single-particle (Landau level) spectrum is
ǫ(s)n = sgn(n)εs
√√√√s−1∏
i=0
(|n| − i), (22)
10
with
εs ≡ (2~v
2eB)s/2
γ
(s−1)
1
. (23)
Let us characterize the relative strength of the interaction by
β(s) =
e2
4πǫℓ
/
εs. (24)
A. Simplifications for uniform liquid states
The mean-field theory is greatly simplified for uniform liquid states, i.e., if we assume translational and rotational
invariance of the density. First I discuss the simpler case of the conventional two-dimensional electron gas. The
expectation value of the density [Eq. (9)] can be written as
〈ρˆσσ′ (q)〉 =
∞∑
n,n′=0
Fn′n(q)∆
nn′
σσ′ (q), (25)
where the function Fn′n(q) was defined in Eq. (8), and the guiding center density is defined as follows:
∆nn
′
σσ′ (q) =
∫
dpe−iqxpℓ
2〈cˆ†n′,p−qy/2,σ′ cˆn,p+qy/2,σ〉. (26)
Assuming translational invariance, the expectation value 〈cˆ†n′,p−qy/2,σ′ cˆn,p+qy/2,σ〉 cannot depend on p; hence
∆nn
′
σσ′ (q) ∝ δ(qx). (27)
Rotating the coordinate system by π/2 in either direction and assuming the density does not change,
∆nn
′
σσ′ (q) ∝ δ(qy). (28)
Now, let 〈ρˆσσ′ (q)〉 = ρδ(q) and ∆nn′σσ′ (q) = ∆
nn′
σσ′δ(q). Let us consider an ensemble of rotationally invariant systems
that approach a homogeneous (translationally invariant) system in the thermodynamic limit. Consider a state with
the density
〈ρˆσσ′ (q)〉 = ρe
− q24ǫ
4πǫ
. (29)
In the ǫ → +0 limit this density converges to ρδ(q), i.e., the density of a homogeneous system.2 For finite but small
ǫ the density is a sharp peak in momentum space, or a large but finite droplet in real space. Similarly,
∆nn
′
σσ′ (q) = ∆
nn′
σσ′
e−
q2
4ǫ
4πǫ
. (30)
This procedure is analogous to the treatment of the Laughlin state for the fractional quantum Hall effect at filling
factor ν = 12m+1 , where the variational state is first studied for a finite number of particles and a corresponding fixed
total angular momentum. This is a liquid state confined to a finite disk; the homogeneous liquid state is interpreted as
the thermodynamic limit of such droplets. We follow this procedure to exploit rotational invarience; if we considered
the homogeneous system directly, the density would be proportional to δ(q) and all propositions capturing rotational
invariance in momentum space would be vacuous. Consider the circle C = 〈Q cos θ,Q sin θ〉 at fixed Q and variable
0 ≤ θ ≤ 2π. Multiply Eq. (25) by eiθk and integrate over C:
ρ
e−
Q2
4ǫ
2ǫ
δk,0 =
∞∑
n,n′=0
Fn′n(Q)∆
nn′
σσ′
e−
Q2
4ǫ
2ǫ
δn−n′,k =
∞∑
n′=0
Fn′+k,n′(Q)∆
n′+k,n′
σσ′
e−
Q2
4ǫ
2ǫ
,
ρδk,0 =
∞∑
n′=0
Fn′+k,n′(Q)∆
n′+k,n′
σσ′ . (31)
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This holds for all Q only if the coefficient of all Fn′+k,n′(Q) vanishes for k 6= 0, i.e. ∆n
′+k,n′
σσ′ ∝ δk,0 or ∆
nn′
σσ′ ∝ δn,n′ .
Notice that in the ǫ→ +0 limit the right hand side of Eq. (31) goes over to δ(Q)Fn′+k,n′(Q) = δ(Q)Fn′+k,n′(0) =
δ(Q)δk,0. That is the reason why a non-zero constant value of the diagonal coefficient ∆
n′n′
σσ′ becomes possible.
We still have to show that the exchange interaction can be written in terms of the guiding center density. In this part
of the argument it is more convenient to consider a finite Lx × Ly sample with periodic boundary conditions; taking
the thermodynamic limit at the end is straightforward. Consider the exchange part of the mean-field Hamiltonian,
Vˆ F = − e
2
4πǫ
∑
n1n2n3n4
∑
σσ′
∑
p1p2
1
LxLy
∑
k
Fn1n4(k)Fn2n3(−k)
2π
k
eikxℓ
2(p2−p1)
[〈
cˆ†n1,p1−ky/2,σ cˆn3,p2−ky/2,σ′
〉
cˆ†n2,p2+ky/2,σ′ cˆn4,p1+ky/2,σ −
1
2
〈
cˆ†n1,p1−ky/2,σ cˆn3,p2−ky/2,σ′
〉〈
cˆ†n2,p2+ky/2,σ′ cˆn4,p1+ky/2,σ
〉]
.
(32)
Introduce P =
p1+p2−ky
2 and ∆p = p1 − p2:
Vˆ F = − e
2
4πǫ
∑
n1n2n3n4
∑
σσ′
∑
P,∆p
1
LxLy
∑
k
Fn1n4(k)Fn2n3(−k)
2π
k
e−ikxℓ
2∆p
[〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉
cˆ†n2,P−∆p/2+ky,σ′ cˆn4,P+∆p/2+ky,σ−
−1
2
〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉〈
cˆ†n2,P−∆p/2+ky,σ′ cˆn4,P+∆p/2+ky,σ
〉]
. (33)
Substitute ky → t = P + ky,
Vˆ F = − e
2
4πǫLxLy
∑
n1n2n3n4
∑
σσ′
∑
P,∆p
∑
t,kx
Fn1n4(kx, t− P )Fn2n3(−kx, P − t)
2π√
k2x + (P − t)2
e−ikxℓ
2∆p
[〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉
cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ −
1
2
〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉〈
cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ
〉]
.
(34)
Let us introduce the Fourier transform of a subformula by
Fn1n4(Q)Fn2n3(−Q)
2π
|Q| =
∫
dx
∫
dye−ixQx−iyQyGn1n2n3n4(x, y). (35)
Then
Vˆ F = − e
2
4πǫLxLy
∫
dx
∫
dy
∑
n1n2n3n4
∑
σσ′
∑
P,∆p,t,kx
Gn1n2n3n4(x, y)e−i(x+ℓ
2∆p)kx−iy(t−P )
[〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉
cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ −
1
2
〈
cˆ†n1,P+∆p/2,σ cˆn3,P−∆p/2,σ′
〉〈
cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ
〉]
.
(36)
Using the definition of the guiding center density,
Vˆ F = − e
2
4πǫLxLy
∫
dx
∫
dy
∑
n1n2n3n4
∑
σσ′
∑
∆p,t,kx
Gn1n2n3n4(x, y)e−i(x+ℓ
2∆p)kx+iyt
∆n3n1σ′σ
(−y/ℓ2,−∆p) [cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ − 12 〈cˆ†n2,t−∆p/2,σ′ cˆn4,t+∆p/2,σ〉
]
. (37)
Now, using ∆n3n1σ′σ
(−y/ℓ2,−∆p) ∝ δy,0δ∆p,0,
Vˆ F = − e
2
4πǫLx
∫
dx
∑
n1n2n3n4
∑
σσ′
∑
t,kx
Gn1n2n3n4(x, 0)e−ixkx∆n3n1σ′σ (0)
[
cˆ†n2tσ′ cˆn4tσ −
1
2
〈
cˆ†n2tσ′ cˆn4tσ
〉]
=
= − e
2
4πǫ
∑
n1n2n3n4
∑
σσ′
∑
t
Gn1n2n3n4(0, 0)∆n3n1σ′σ (0)
[
cˆ†n2tσ′ cˆn4tσ −
1
2
〈
cˆ†n2tσ′ cˆn4tσ
〉]
. (38)
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Now use that ∆n3n1σ′σ (0) ∝ δn1.n3 and that Gn1n2n3n4(0, 0) = Xn1n4n3n2 vanishes unless n1 − n4 = n3 − n2,
Vˆ F = − e
2
4πǫ
∑
mn
∑
σσ′
∑
t
Xmnnm∆
mm
σ′σ (0)
[
cˆ†ntσ′ cˆntσ −
1
2
〈
cˆ†ntσ′ cˆntσ
〉]
. (39)
That is, the mean-field interaction does not mix Landau levels for uniform liquid states in the conventional two-
dimensional electron gas.
We now generalize the above argument for the case of the minimal model of rhombohedral bilayer graphene, as
defined in Eq. (1) of the paper. The density operator
ρˆξσ,ξ′σ′(r, r
′) = Ψ(r)⊗Ψ†(r′) (40)
is in general a 2× 2 matrix in sublattice space.
If we expand the field operators in the basis of Landau orbitals Ψnqξσ (defined in the paper), the 0 ≤ n, n′ < s state
combinations contribute to the density operator with matrix terms like(
ηnq(r)η
∗
n′q(r
′) 0
0 0
)
;
the 0 ≤ n < s, |n′| ≥ s state combinations contribute with matrix terms like
1√
2
(
ηnq(r)η
∗
|n′|q(r
′) ηnq(r)η∗|n′|−s,q(r
′)sgn(n′)
0 0
)
;
the 0 ≤ n′ < s, |n| ≥ s state combinations do that with matrix terms like
1√
2
(
η|n|q(r)η∗n′q(r
′) 0
η|n|−s,q(r)η∗n′,q(r
′)sgn(n) 0
)
;
and, finally, the |n′|, |n| ≥ s state combinations contribute to ρˆξσ,ξ′σ′ (r, r′) with matrix terms like
1
2
(
η|n|q(r)η∗|n′|q(r
′) η|n|q(r)η∗|n′|−s,q(r
′)sgn(n′)
η|n|−s,q(r)η∗|n′|q(r
′)sgn(n) η|n|−s,q(r)η∗|n′|−s,q(r
′)sgn(n′n)
)
.
Taking the Fourier transform, we obtain
ρˆξσ,ξσ′(q) =
′∑
n,n′
Fn′n(q)
∫
dpe−iqxpℓ
2
cˆ†n′,p−qy/2,σ′ cˆn,p+qy/2,σ, (41)
where the summation is restricted to exclude the nonexisting Landau level indices −s+ 1, . . . ,−1, and
Fn′n(q) =

(
Fn′n(q) 0
0 0
)
, if 0 ≤ n, n′ < s;
1√
2
(
Fn′|n|(q) sgn(n)Fn′|n|−s(q)
0 0
)
, if 0 ≤ n′ < s and |n| ≥ s;
1√
2
(
F|n′|n(q) 0
sgn(n′)F|n′|−s,n(q) 0
)
, if 0 ≤ n < s and |n′| ≥ s;
1
2
(
F|n′||n|(q) sgn(n)F|n′|,|n|−s(q)
sgn(n′)F|n′|−s,|n|(q) sgn(n′n)F|n′|−s,|n|−s(q)
)
, if |n|, |n′| ≥ s.
(42)
Taking the quantum mechanical expectation value, we get
〈ρˆξσ,ξσ′(q)〉 =
′∑
n,n′
Fn′n(q)∆
nn′
ξξ′σσ′ (q), (43)
where the guiding center density now also depends on the valley quantum numbers, i.e.,
∆nn
′
ξξ′σσ′ (q) =
∫
dpe−iqxpℓ
2〈cˆ†n′,p−qy/2,ξ′σ′ cˆn,p+qy/2,ξσ〉. (44)
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Just like before, let us approach the infinite systems as a limit of finite translation-invariant systems. Assume
〈ρˆξσ,ξ′σ′(q)〉 =
(
ρ11 ρ12
ρ21 ρ22
)
e−
q2
4ǫ
4πǫ
, ∆nn
′
ξξ′σσ′(q) = ∆
nn′
ξξ′σσ′
e−
q2
4ǫ
4πǫ
, (45)
where ρij and ∆
nn′
ξξ′σσ′ are constants. Plug these into Eq. (43), multiply by e
iθk, and integrate over the circle C =
〈Q cos θ,Q sin θ〉:
δk,0
(
ρ11 ρ12
ρ21 ρ22
)
=
s−1∑
n,n′=0
∆
nn′
ξξ′σσ′
(
δn−n′,kFn′n(Q) 0
0 0
)
+
s−1∑
n=0
∑
|n′|≥s
∆
nn′
ξξ′σσ′√
2
(
δn−|n′|,kF|n′|,n(Q) 0
sgn(n′)δn−|n′|+s,kF|n′|−s,n(Q) 0
)
+
+
s−1∑
n′=0
∑
|n|≥s
∆
nn′
ξξ′σσ′√
2
(
δ|n|−n′,kFn′,|n|(Q) sgn(n)δ|n|−n′−s,kFn′,|n|−s(Q)
0 0
)
+
+
∑
|n′|,|n|≥s
∆
nn′
ξξ′σσ′
2
(
δ|n|−|n′|,kF|n′|,|n|(Q) sgn(n)δ|n|−|n′|−s,kF|n′|,|n|−s(Q)
sgn(n′)δ|n|−|n′|+s,kF|n′|−s,|n|(Q) sgn(n′n)δ|n|−|n′|,kF|n′|−s,|n|−s(Q)
)
=
(
A11 A12
A21 A22
)
, (46)
where
A11 =
s−1∑
n′=0
∆
n′+k,n′
ξξ′σσ′ Fn′,n′+k(Q)T (0 ≤ n′ + k < s) +
∞∑
n′=s
∆
n′+k,n′
ξξ′σσ′ −∆
n′+k,−n′
ξξ′σσ′√
2
Fn′,n′+k(Q)T (0 ≤ n′ + k < s)+
+
s−1∑
n′=0
∆
|n′+k|,n′
ξξ′σσ′ +∆
−|n′+k|,n′
ξξ′σσ′√
2
Fn′,|n′+k|(Q)T (|n′ + k| ≥ s)+
+
∞∑
n′=s
∆
|n′+k|,n′
ξξ′σσ′ +∆
−|n′+k|,n′
ξξ′σσ′ +∆
|n′+k|,−n′
ξξ′σσ′ +∆
−|n′+k|,−n′
ξξ′σσ′
2
Fn′,|n′+k|(Q)T (|n′ + k| ≥ s), (47)
where T (. . . ) is denotes a function that yields 1 if the logical condition in the paretheses is true, else it yields 0.
Further,
A12 =
s−1∑
n′=0
∆
|n′+k+s|,n′
ξξ′σσ′ −∆
−|n′+k+s|,n′
ξξ′σσ′√
2
Fn′,|n′+k+s|(Q)T (|n′ + k + s| ≥ s)+
+
∞∑
n′=s
∆
|n′+k+s|,n′
ξξ′σσ′ −∆
−|n′+k+s|,n′
ξξ′σσ′
2
Fn′,|n′+k+s|(Q)T (|n′ + k + s| ≥ s), (48)
A21 =
∞∑
n′=s
∆
n′+k−s,n′
ξξ′σσ′ −∆
n′+k−s,−n′
ξξ′σσ′√
2
Fn′,n′+k−s(Q)T (0 ≤ n′ + k − s < s)+
+
∞∑
n′=s
∆
|n′+k−s|,n′
ξξ′σσ′ −∆
|n′+k−s|,−n′
ξξ′σσ′
2
Fn′,|n′+k−s|(Q)T (|n′ + k + s| ≥ s), (49)
and
A22 =
∞∑
n′=s
∆
|n′+k|,n′
ξξ′σσ′ −∆
|n′+k|,−n′
ξξ′σσ′ −∆
−|n′+k|,n′
ξξ′σσ′ −∆
−|n′+k|,−n′
ξξ′σσ′
2
× Fn′−s,|n′+k|−s|(Q)T (|n′ + k| ≥ s). (50)
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Now, A11 = ρ11δk,0 for and Q. Then the coefficient of any Fn′,|n′+k|(Q) must vanish for all n′ ≥ 0. This yields
∆
n′+k,n′
ξξ′σσ′ ∝ δk,0 if 0 ≤ n′, n′ + k < s, (51)(
∆
|n′+k|,n′
ξξ′σσ′ +∆
−|n′+k|,n′
ξξ′σσ′
)
∝ δk,0 if 0 ≤ n′ < s and |n′ + k| ≥ s, (52)(
∆
n′+k,n′
ξξ′σσ′ +∆
n′+k,−n′
ξξ′σσ′
)
∝ δk,0 if 0 ≤ n′ + k < s and n′ ≥ s, (53)(
∆
|n′+k|,n′
ξξ′σσ′ +∆
|n′+k|,−n′
ξξ′σσ′ +∆
−|n′+k|,n′
ξξ′σσ′ +∆
−|n′+k|,−n′
ξξ′σσ′
)
∝ δk,0 if |n′ + k|, n′ ≥ s. (54)
Similarly, from the condition A12 = ρ11δk,0 for and Q we get(
∆
|n′+k+s|,n′
ξξ′σσ′ −∆
−|n′+k+s|,n′
ξξ′σσ′
)
∝ δk,0 if |n′ + k + s| ≥ s. (55)
From the condition A21 = ρ21δk,0 for and Q we get(
∆
|n′+k−s|,n′
ξξ′σσ′ −∆
|n′+k−s|,−n′
ξξ′σσ′
)
∝ δk,0 if n′ ≥ s. (56)
Finally, for n′, |n′ + k| ≥ s the condition A22 = ρ22δk,0 for and Q yields(
∆
|n′+k|,n′
ξξ′σσ′ −∆
|n′+k|,−n′
ξξ′σσ′ −∆
−|n′+k|,n′
ξξ′σσ′ +∆
−|n′+k|,−n′
ξξ′σσ′
)
∝ δk,0. (57)
Now, Eq. (51) implies ∆
m,m′
ξξ′σσ′ ∝ δm,m′ for 0 ≤ m,m′ < s. Eqs. (52) and (55) imply ∆
m,m′
ξξ′σσ′ ∝ δ|m|,m′ for 0 ≤ m′ < s
and |m| > s. Eqs. (53) and (56) imply ∆m,m
′
ξξ′σσ′ ∝ δm,|m′| for 0 ≤ m < s and |m′| > s.
Further, fix some m,m′ ≥ s. Subtracting Eqs. (55) and (56) imply(
∆
m,−m′
ξξ′σσ′ −∆
−m,m′
ξξ′σσ′
)
∝ δm,m′ . (58)
Subtracting Eqs. (54) and (57) imply (
∆
m,−m′
ξξ′σσ′ +∆
−m,m′
ξξ′σσ′
)
∝ δm,m′ . (59)
Eqs. (58) and (59) imply ∆
m,−m′
ξξ′σσ′ ∝ δm,m′ and ∆
−m,m′
ξξ′σσ′ ∝ δm,m′ . The using Eq. (55) we obtain ∆
m,m
ξξ′σσ′ ∝ δm,m′ .
Finally, from Eq. (55) we get ∆
−m,−m
ξξ′σσ′ ∝ δm,m′ . To summarize,
∆
m,m′
ξξ′σσ′ ∝ δ|m|,|m′|. (60)
The mean field Hamiltonian can be written in terms of the guiding center density; the derivation is identical to
the steps between Eqs. (32) and (39), apart from the more cumbersome notation. We omit this trivially reproducible
part.
This completes the argument that the summation in Eq. (4) of the paper can be restricted to |m| = |m′| for
homogeneous liquid states, e.g., for integer quantum Hall states.
III. THE INTEGER QUANTUM HALL GROUND STATE AT ν = ±2s IN THE MEAN-FIELD
APPROXIMATION
At ν = −2s the zero-energy Landau band is empty and at ν = 2s it is completely filled; even single-particle
considerations imply a gap; this is the integer quantum Hall effect.
We consider the Ansatz
Ψ
(s)
0 =
∞∏
m=s
∏
q
∏
ξ,σ
(
cos
(
θmξσ
2
)
eiφmξσ/2cˆ†−mqξσ + sin
(
θmξσ
2
)
e−iφmξσ/2cˆ†mqξσ
)
|0〉 , (61)
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where θmξσ and φmξσ are parameters for m ≥ s. The single-particle Hamiltonian is
Hˆ0 = εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i)
∑
qξσ
(
cˆ†mqξσ cˆmqξσ − cˆ†−mqξσ cˆ−mqξσ
)
. (62)
The expectation value of the single-particle Hamiltonian in state Ψ
(s)
0 is
〈Ψ(s)0 |Hˆ0|Ψ(s)0 〉 = εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i)
∑
qξσ
(
sin2
(
θmξσ
2
)
− cos2
(
θmξσ
2
))
=
= −Nφεs
∞∑
m=s
√√√√s−1∏
i=0
(m− i)
∑
ξσ
cos θmξσ. (63)
In itself, Hˆ0 would be minimized by θmξσ = 0 for all m.
The interaction part of the Hamiltonian is considered in the Hartree-Fock mean-field approximation, c.f. Eq. (18).
The relevant expectation values are
〈
cˆ†m′pcˆmp
〉
=

sin2
(
θm
2
)
if m = m′ ≥ s,
cos2
(
θ|m|
2
)
if m = m′ ≤ −s,
sin
(
θm
2
)
cos
(
θm
2
)
e−iφm if m = −m′ ≥ s,
sin
(
θ|m|
2
)
cos
(
θ|m|
2
)
eiφ|m| if m = −m′ ≤ −s.
(64)
Thus the mean-field ground state energy is, suppressing spin and valley for simplicity,
E
(s)
0
Nφ
= 〈Ψ(s)0 |
Hˆ0 + Vˆ
F
Nφ
|Ψ(s)0 〉 =
− 1
2
∑
|n|=|n′|
∑
|m|=|m′|
∫
d2k
(2π)2
F (s)nm(k)F
(s)
m′n′(−k)
e2
4πǫ
2π
k
〈
cˆ†m′pcˆmp
〉〈
cˆ†n,p−ky cˆn′,p−ky
〉
=
− εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm − 1
2
∞∑
n=s
∞∑
m=s
∫
d2k
(2π)2
e2
4πǫ
2π
k
[
F (s)nm(k)F
(s)
mn(−k) sin2
(
θm
2
)
sin2
(
θn
2
)
+
F
(s)
n,−m(k)F
(s)
−mn(−k) cos2
(
θm
2
)
sin2
(
θn
2
)
+ F
(s)
−nm(k)F
(s)
m,−n(−k) sin2
(
θm
2
)
cos2
(
θn
2
)
+
F
(s)
−n,−m(k)F
(s)
−m,−n(−k) cos2
(
θm
2
)
cos2
(
θn
2
)
+
F (s)nm(k)F
(s)
m,−n(−k) sin2
(
θm
2
)
sin
(
θn
2
)
cos
(
θn
2
)(
eiφn + e−iφn
)
+
F
(s)
n,−m(k)F
(s)
−m,−n(−k) cos2
(
θm
2
)
sin
(
θn
2
)
cos
(
θn
2
)(
eiφn + e−iφn
)
+
F (s)nm(k)F
(s)
−m,n(−k) sin2
(
θn
2
)
sin
(
θm
2
)
cos
(
θm
2
)(
eiφm + e−iφm
)
+
F
(s)
−nm(k)F
(s)
−m,−n(−k) cos2
(
θn
2
)
sin
(
θm
2
)
cos
(
θm
2
)(
eiφm + e−iφm
)
+
F (s)nm(k)F
(s)
−m,−n(−k) sin
(
θm
2
)
cos
(
θm
2
)
sin
(
θn
2
)
cos
(
θn
2
)(
ei(φm+φn) + e−i(φm+φn)
)
+
F
(s)
n,−m(k)F
(s)
m,−n(−k) sin
(
θm
2
)
cos
(
θm
2
)
sin
(
θn
2
)
cos
(
θn
2
)(
ei(φm−φn) + e−i(φm−φn)
)]
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Then
E
(s)
0
Nφ
= −εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm−1
2
∞∑
n=s
∞∑
m=s
[
Xnmw
+(θm, φm)w
+(θn, φn) +Xn−s,m−sw−(θm, φm)w−(θn, φn) +
+
1
2
X(s)nm (cos θm cos θn − sin θm sinφm sin θn sinφn)
]
, (65)
where I have defined
w±(θ, φ) =
1± sin θ cosφ
2
. (66)
This quantity has a very simple meaning. The parametrization in Eq. (61) lets the orbitals in the two-dimensional
subspace with fixed |m| rotate. The Ψmq and Ψ−mq orbitals differ only by a relative phase between the top and
bottom spinor components. Thus the linear combination in Eq. (61) changes the probability of finding the electron
in the two sublattices that correspond to these spinor components. In the filled state the electron will have weight
w+(θ, φ) in the sublattice that corresponds to the top component, w−(θ, φ) in the other one; the converse holds for
the state that is left empty in state Ψ
(s)
0 .
Using the identity, to be proved in Section VIII,∑
n
|Fn′n(k)|2 = 1 (67)
for any fixed n′, we obtain
∞∑
m=M+1
Xnm = −
M∑
m=0
Xnm +
e2
4πǫ
∫
d2k
(2π)2
2π
k
. (68)
The last term is infinite in the thermodynamical limit, but irrelevant from the point of view of energy minimization
if it has no parameter-dependent prefactor. We drop such infinite constants from any energy expression. Then
E
(s)
0
Nφ
= −εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm−
− 1
8
∞∑
n=s
∞∑
m=s
[
(Xnm −Xn−s,m−s) sin θm cosφm sin θn cosφn + 2X(s)nm (cos θm cos θn − sin θm sinφm sin θn sinφn)
]
−
− 1
8
∞∑
n=s
∞∑
m=s
(Xnm +Xn−s,m−s) +
1
4
s−1∑
n=0
∞∑
m=s
Xnm sin θm cosφm. (69)
It is instructive to see how particle-hole symmetry is manifest in this simple case. Consider the state in which the
zero-energy Landau band is completely filled,
Ψ(s)s =
(∏
q
s−1∏
n=0
cˆ†nq
)
Ψ
(s)
0 . (70)
The expectation values in this state are
〈
cˆ†m′pcˆmp
〉
=

sin2
(
θm
2
)
if m = m′ ≥ s,
cos2
(
θ|m|
2
)
if m = m′ ≤ −s,
sin
(
θm
2
)
cos
(
θm
2
)
e−iφm if m = −m′ ≥ s,
sin
(
θ|m|
2
)
cos
(
θ|m|
2
)
eiφ|m| if m = −m′ ≤ −s.
1 if 0 ≤ m = m′ < s.
(71)
The ground state energy per particle is
E
(s)
s
Nφ
=
E
(s)
0
Nφ
+
1
2
s−1∑
n=0
∞∑
m=s
Xnm sin θm cosφm. (72)
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That is, in comparison to the energy of the state Ψ
(s)
0 at filling factor ν = −2s, the sign of the last term in Eq. (69)
changes. This is the only term that contains the product of an odd number of sine/cosine functions of the phase φm.
Thus if {θm, φm} optimizes the ground state energy at ν = −2s, {θm, φm + π} optimizes the ground state energy at
ν = 2s.
Let us introduce a Landau level cutoff at −M , i.e., let us set θm = 0 for all m > M . Then
E
(s)
0
Nφ
= −εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm− 1
2
M∑
n=s
M∑
m=s
[
Xnmw
+(θm, φm)w
+(θn, φn) +Xn−s,m−sw−(θm, φm)w−(θn, φn)+
+
1
2
X(s)nm (cos θm cos θn − sin θm sinφm sin θn sinφn)
]
− 1
8
∞∑
n=M+1
∞∑
m=M+1
[
Xnm +Xn−s,m−s + 2X(s)nm
]
−
− 1
4
M∑
n=s
∞∑
m=M+1
[
Xnmw
+(θn, φn) +Xn−s,m−sw−(θn, φn) +X(s)nm cos θn
]
−
− 1
4
∞∑
n=M+1
s∑
m=s
[
Xnmw
+(θm, φm) +Xn−s,m−sw−(θm, φm) +X(s)nm cos θm
]
. (73)
Using Eq. (68), elementary algebra yields
E
(s)
0
Nφ
= −εs
∞∑
m=s
√√√√s−1∏
i=0
(m− i) cos θm − 1
8
M∑
n=s
M∑
m=s
(Xnm +Xn−s,m−s) sin θm cosφm sin θn cosφn−
− 1
4
M∑
n=s
M∑
m=s
X(s)nm (cos θm cos θn − sin θm sinφm sin θn sinφn)−
1
2
M∑
n=s
An cos θn +
1
4
M∑
n=s
Bn sin θn cosφn, (74)
where
An =
∞∑
m=M+1
X(s)nm, and Bn =
s−1∑
m=0
Xnm. (75)
It can be checked that An is finite. The minimum is found numerically using a quasi-Newton method. Fig. 1 shows
the charge distribution in Eq. (66) for the optimized parameters. With increasing |m| the mean-field ground state
has a rapidly increasing weight on the negative-energy single particle orbital. That is, the interaction rotates only
the states in the topmost Landau levels, which justifies a posteriori our cutoff scheme. In the figures we used a cutoff
M = 12; we have checked, however, that a larger cutoff hardly changes the results.
IV. THE QUANTUM HALL FERROMAGNETS AT IN THE ZERO-ENERGY LANDAU BAND OF
BILAYER GRAPHENE
For the clarity of the presentation, we first focus on the orbital structure in the zero-energy Landau band, ignoring
the spin and valley pseudospin degrees of freedom. The inclusion of these degrees of freedom is easy, and it is presented
in Subsection IVB. We will follow the same procedure for multilayers in subsequent sections.
We introduce the relative filling factor in the zero-energy Landau band as
ν = ν + 4 (76)
for the purposes of this section. In the section on trilayer and four-layer graphene, ν will be redefined appropriately.
A. Suppressing spin and valley
We seek the mean-field ground state at relative filling factor ν = 1 of the zero-energy Landau band of bilayer
graphene in the form
Ψ
(2)
1 =
∏
q
(
cos
(
θ
2
)
eiφ/2cˆ†0q + sin
(
θ
2
)
e−iφ/2cˆ†1q
)
Ψ
(2)
0 , (77)
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where Ψ
(2)
0 is the generic form of the integer quantum Hall state at ν = −4 defined in Eq. (61). In the paper
z0 = cos
(
θ
2
)
eiφ/2 and z1 = sin
(
θ
2
)
e−iφ/2 is used for brevity. The relevant expectation values are
〈
cˆ†m′pcˆmp
〉
=

sin2
(
θm
2
)
if m = m′ ≥ s,
cos2
(
θ|m|
2
)
if m = m′ ≤ −s,
sin
(
θm
2
)
cos
(
θm
2
)
e−iφm if m = −m′ ≥ s,
sin
(
θ|m|
2
)
cos
(
θ|m|
2
)
eiφ|m| if m = −m′ ≤ −s,
cos2
(
θ
2
)
if m = m′ = 0,
sin2
(
θ
2
)
if m = m′ = 1,
sin
(
θ
2
)
cos
(
θ
2
)
eiφ if m = 0,m′ = 1,
sin
(
θ
2
)
cos
(
θ
2
)
e−iφ if m = 1,m′ = 0.
(78)
Then
E
(2)
1
Nφ
=
E
(2)
0
Nφ
− X00
2
cos4
(
θ
2
)
− X11
2
sin4
(
θ
2
)
− (X01 +X0011) sin2
(
θ
2
)
cos2
(
θ
2
)
+
−
∞∑
m=2
(
cos2
(
θ
2
)
X0m + sin
2
(
θ
2
)
X1m
)
w+(θm, φm). (79)
For the values of the exchange integral constants see Table S1. Notice that E
(2)
0 contains the exchange interaction
of the |m| ≥ 2 Landau levels and the total kinetic energy. Clearly, the first line of Eq. (79) contains the exchange
interaction within the zero-energy Landau band, while the second line is the exchange between the states in the zero-
energy Landau band and the deeper-lying filled states. As the states in the zero-energy Landau band are contained
in the sublattice that corresponds to the top spinor component, only the weight w+(θm, φm) occurs.
Xnm n = 0 n = 1 n = 2 n = 3
m = 0
√
π
2
1
2
√
π
2
3
8
√
π
2
5
16
√
π
2
m = 1 1
2
√
π
2
3
4
√
π
2
7
16
√
π
2
11
32
√
π
2
m = 2 3
8
√
π
2
7
16
√
π
2
41
64
√
π
2
51
128
√
π
2
m = 3 5
16
√
π
2
11
32
√
π
2
51
128
√
π
2
147
256
√
π
2
TABLE S1: Exchange integral constants defined in Eq. (20). Notice Xiijj = Xij , where Xiijj was defined in Eq. (19). The
units are e
2
4πǫℓ
.
As ∂∂φE
(2)
1 = 0, the ground state manifold has U(1) symmetry. The actual ground state will break this symmetry,
and there is an orbital Goldstone mode associated with it.
In the weak-coupling limit, i.e., β(2) ≪ 1, θm = 0 and the φm’s are irrelevant. θ is then determined by the the
minimization of the terms beyond E
(2)
0 :
E
(2)
1 − E(2)0
Nφ
= −1
2
[
X00 cos
4
(
θ
2
)
+X11 sin
4
(
θ
2
)
+ 2(X01 +X0011) sin
2
(
θ
2
)
cos2
(
θ
2
)
+
+
∞∑
m=2
(
cos2
(
θ
2
)
X0m + sin
2
(
θ
2
)
X1m
)]
. (80)
With regularization according to Eq. (68) and dropping simple constants,
E
(2)
1 − E(2)0
Nφ
= −1
2
[
X00 cos
4
(
θ
2
)
+X11 sin
4
(
θ
2
)
+
+2(X01 +X0011) sin
2
(
θ
2
)
cos2
(
θ
2
)
− cos2
(
θ
2
)
X00 − sin2
(
θ
2
)
X11
]
. (81)
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Using Table S1, the energy expression in Eq. (81) is minimized by θ = ±π2 or |z0| = |z1| = 1√2 , i.e., the mean-field
ground state in the zero-energy Landau level is an equal-weight linear combination of the n = 0 and n = 1 orbitals,
with an arbitrary relative phase.
Consider the general case of a finite β(2). First, one can show analytically that θ = π/2 always remains an extremum.
Plugging θ = π/2 into Eq. (79) yields
E
(2)
1
Nφ
=
E
(2)
0
Nφ
+
1
4
1∑
n=0
∞∑
m=s
Xnm sin θm cosφm + const. (82)
Thus, the last term in Eq. (69) is cancelled, and each remaining term contains an even number of sine/cosine function
of φm’s. Physically, this means that with each orbital state in the zero-energy Landau band filled with weight
1
2 ;
there is no preferential sublattice. The remaining terms are then extremized by setting all θm = 0. States in the
zero-energy Landau band with this property, namely that the exchange energy of the |m| ≥ s with the zero-energy
Landau band exactly removes the sublattice asymmetry, i.e., the |m| ≥ s states can no longer lower their interaction
energy by producing a larger weight in the bottom spinorial component, will be named “balanced” states. For bilayer
graphene the U(1) manifold of balanced states is its own particle-hole conjugate.
However, it is unclear if θ = π/2, θm = 0 is a global minimum. We minimize E
(2)
1 is with a Landau level cutoff
−M . Setting θm = 0 for m > M , and using the usual regularization in Eq. (68) for infinite summations of the Xnm
exchange constants, elementary algebra yields
E
(2)
1
Nφ
=
E
(2)
0
Nφ
−1
2
[
X00
(
cos4
(
θ
2
)
− cos2
(
θ
2
))
+X11
(
sin4
(
θ
2
)
− sin2
(
θ
2
))
+ 2(X01 +X0011) sin
2
(
θ
2
)
cos2
(
θ
2
)]
+
1
2
s−1∑
m=0
(
cos2
(
θ
2
)
X0m + sin
2
(
θ
2
)
X1m
)
− 1
2
M∑
m=s
(
cos2
(
θ
2
)
X0m + sin
2
(
θ
2
)
X1m
)
sin θm cosφm. (83)
This expression can be minimized numerically. As Fig. 2(a) demonstrates, the optimal weight of the orbitals in the
zero-energy Landau band bifurcates around β
(2)
c ≈ 3.56. In other words, the balanced state remains stable for finite
interaction strength up to a point, but eventually yields to a pair of states that break the balance of the zero-energy
Landau band and lower the total exchange interaction energy by mixing the −m and +m Landau orbitals, moving
charge from the sublattice that corresponds to the upper spinor component to the sublattice that corresponds to the
lower spinor component. While the balanced state is its own particle-hole conjugate, the pair of states for β(2) > β
(2)
c
one another’s particle-hole conjugate.
B. Including spin and valley
The inclusion of the spin and valley pseudospin degrees of freedom is easy, because the mean-field interaction
Hamiltonian only consists of the exchange part for homogeneous states, and exchange does not couple states with
different spin or valley. Consider the Ansatz
Ψ˜
(2)
1 =
∏
q
∏
ξ,σ
(
z0ξσ cˆ
†
0qξσ + z1ξσ cˆ
†
1qξσ
)
Ψ
(2)
0 , (84)
where Ψ
(2)
0 is still the generic state at ν = −4 defined in Eq. (61), parametrized by {θmξσ, φmξσ}. Normalization
requires ∑
ξ,σ
(|z0ξσ|2 + |z1ξσ|2) = 1. (85)
Following the same steps as before, we obtain
E˜
(2)
1
Nφ
=
E
(2)
0
Nφ
− 1
2
∑
ξ,σ
[
X00
(|z0ξσ|4 − |z0ξσ|2)+X11 (|z1ξσ|4 − |z1ξσ|2)+ 2(X01 +X0011)|z0ξσ|2|z1ξσ|2]+
+
1
2
∑
ξ,σ
s−1∑
m=0
(|z0ξσ|2X0m + |z1ξσ|2X1m)− 1
2
∑
ξ,σ
M∑
m=s
(|z0ξσ|2X0m + |z1ξσ|2X1m) sin θm cosφm. (86)
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Let us introduce new variables
Zξσ = |z0ξσ|2 + |z1ξσ|2 and Yξσ = |z0ξσ|
2
Zξσ
. (87)
The domain of these variables are, of course,
0 ≤ Zξσ ≤ 1 and 0 ≤ Yξσ ≤ 1. (88)
The mean-field ground state energy can be written in the convenient form parametrized by seven independent real
parameters:
E˜
(2)
1
Nφ
=
E
(2)
0
Nφ
−
∑
ξ,σ
[
X00
2
ZξσYξσ(1− ZξσYξσ) + X11
2
Zξσ(1− Yξσ) (1− Zξσ(1− Yξσ))− (X01 +X0011)Z2ξσYξσ(1− Yξσ)
]
+
1
2
∑
ξ,σ
s−1∑
m=0
(ZξσYξσX0m + Zξσ(1− Yξσ)X1m)− 1
2
∑
ξ,σ
M∑
m=s
(ZξσYξσX0m + Zξσ(1− Yξσ)X1m) sin θm cosφm. (89)
The global minimum of the function E˜
(2)
1 in Eq. (89) is outside of the domain in Eq. (88). Hence we minimize E˜
(2)
1
on the boundary of the domain. For β(2) < β
(2)
c ≈ 3.56 there are two local minima apart from the permutation of the
spin/valley components,
{Zξσ} = {1, 0, 0, 0}, {Yξσ} = {1
2
,−,−,−}, (90)
{Zξσ} = {1
2
,
1
2
, 0, 0}, {Yξσ} = {0, 0,−,−}. (91)
The comparison of the energies shows that the extremum in Eq. (90) is the global minimum. Therefore, the ground
state at ν = 1, i.e., ν = −3 in bilayer graphene, has only one partially filled spin/valley component in the zero-energy
Landau band, and this has a structure identical to the one we obtained in Subsection IVA. The remaining three
components are like integer quantum Hall states Ψ
(2)
0 , optimized by the same parameters as discussed in Section III.
Physically, we would lose exchange energy by having several partially filled components, while no gain of correlation
energy is possible in the mean-field picture.
At ν = −2, the mean-filled ground state fills the n = 0, 1 orbitals of one spin/valley component completely, while
those of the other three components are left empty. The component with filled zero-energy states is selected by
single-particle considerations. Hund’s rule holds in this case.
At ν = −1, the mean-filled ground state fills the n = 0, 1 orbitals of one spin/valley component completely, while
another component is half-filled with the structure discussed in Subsection IVA.
At ν = 0, the mean-filled ground state fills the n = 0, 1 orbitals of two spin/valley component completely, while
those of the other two components are left empty. Hund’s rule holds; additional structure may arise due to the
short-range part of the electron-electron interaction, which exhibits the symmerty of the underlying lattice.
As E˜
(2)
1 in Eq. (89) has particle-hole symmetry (ν → −ν, {φmξσ} → {φmξσ + π}), the states at ν = 1, 2, 3 have
similar structure. In particular, Hund’s rule holds at ν = 2, but not at ν = 1 or ν = 3.
V. THE QUANTUM HALL FERROMAGNETS IN THE ZERO-ENERGY LANDAU BAND OF ABC
TRILAYER GRAPHENE
In this section we use the notation
ν = ν + 6. (92)
A. Suppressing spin and valley, ν = 1
We seek the mean-field ground state at relative filling factor ν = 1 of the zero-energy Landau band of ABC trilayer
graphene in the form
Ψ
(3)
1 =
∏
q
(
z0cˆ
†
0q + z1cˆ
†
1q + z2cˆ
†
2q
)
Ψ
(3)
0 , (93)
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〈
cˆ†m′pcˆmp
〉
m = 0 m = 1 m = 2 m ≥ 3 m ≤ −3
m′ = 0 |z0|
2 z∗0z1 z
∗
0z2 0 0
m′ = 1 z∗1z0 |z1|
2 z∗1z2 0 0
m′ = 2 z∗2z0 z
∗
2z1 |z2|
2 0 0
m′ ≥ 3 0 0 0 sin2
(
θm
2
)
sin
(
θ|m|
2
)
cos
(
θ|m|
2
)
eiφ|m|
m′ ≤ −3 0 0 0 sin
(
θm
2
)
cos
(
θ|m|
2
)
e−iφm cos2
(
θm
2
)
TABLE S2: The expectation values relevant to the Hartree-Fock mean-field Hamlitonian of the ABC trilayer using the varia-
tional ground state Ψ
(3)
1 in Eq. (93).
where Ψ
(3)
0 is the generic form of the integer quantum Hall state at ν = −6 defined in Eq. (61), and
|z0|2 + |z1|2 + |z2|2 = 1. (94)
The relevant expectation values are shown in Table S2. The expectation value of the ground state energy per flux
quantum in state Ψ
(3)
1 is
E
(3)
1
Nφ
=
E
(3)
0
Nφ
− 1
2
∫
d2k
(2π)2
e2
4πǫ
2π
k
[
2
∞∑
m=3
(
F
(3)
0m(k)F
(3)
m0 (−k)|z0|2 sin2
(
θm
2
)
+ F
(3)
0,−m(k)F
(3)
−m0(−k)|z0|2 cos2
(
θm
2
)
+
F
(3)
0,−m(k)F
(3)
m0 (−k)|z0|2 sin
(
θm
2
)
cos
(
θm
2
)
eiφm + F
(3)
0m(k)F
(3)
−m0(−k)|z0|2 sin
(
θm
2
)
cos
(
θm
2
)
e−iφm+
F
(3)
1m(k)F
(3)
m1 (−k)|z1|2 sin2
(
θm
2
)
+ F
(3)
1,−m(k)F
(3)
−m1(−k)|z1|2 cos2
(
θm
2
)
+
F
(3)
1,−m(k)F
(3)
m1 (−k)|z1|2 sin
(
θm
2
)
cos
(
θm
2
)
eiφm + F
(3)
1m(k)F
(3)
−m1(−k)|z1|2 sin
(
θm
2
)
cos
(
θm
2
)
e−iφm+
F
(3)
2m(k)F
(3)
m2 (−k)|z2|2 sin2
(
θm
2
)
+ F
(3)
2,−m(k)F
(3)
−m2(−k)|z2|2 cos2
(
θm
2
)
+
F
(3)
2,−m(k)F
(3)
m2 (−k)|z2|2 sin
(
θm
2
)
cos
(
θm
2
)
eiφm + F
(3)
2m(k)F
(3)
−m2(−k)|z2|2 sin
(
θm
2
)
cos
(
θm
2
)
e−iφm
)
+
|z0|2
(
F
(3)
00 (k)F
(3)
00 (−k)|z0|2 + F (3)01 (k)F (3)10 (−k)|z1|2 + F (3)02 (k)F (3)20 (−k)|z2|2
)
+
|z1|2
(
F
(3)
10 (k)F
(3)
01 (−k)|z0|2 + F (3)11 (k)F (3)11 (−k)|z1|2 + F (3)12 (k)F (3)21 (−k)|z2|2
)
+
|z2|2
(
F
(3)
20 (k)F
(3)
02 (−k)|z0|2 + F (3)21 (k)F (3)12 (−k)|z1|2 + F (3)22 (k)F (3)22 (−k)|z2|2
)
+
F
(3)
00 (k)F
(3)
11 (−k) (z∗0z1z∗1z0 + c.c.) + F (3)11 (k)F (3)22 (−k) (z∗2z1z∗1z2 + c.c.)+
F
(3)
00 (k)F
(3)
22 (−k) (z∗0z2z∗2z0 + c.c.)+
F
(3)
01 (k)F
(3)
21 (−k)
(
z∗0z
2
1z
∗
2 + c.c.
)
+ F
(3)
10 (k)F
(3)
12 (−k)
(
(z∗1)
2z2z0 + c.c.
)]
By elementary algebra, this simplifies to
E
(3)
1
Nφ
=
E
(3)
0
Nφ
− 1
2
(|z0|4X00 + |z1|4X11 + |z2|4X22)− |z0|2|z1|2(X01 +X0011)
− |z0|2|z2|2(X02 +X0022)− |z2|2|z1|2(X12 +X1122)− 2X0121ℜ(z∗0z21z∗2)−
−
∞∑
m=3
(
X0m|z0|2 +X1m|z1|2 +X2m|z2|2
)
w+(θm, φm), (95)
where the exchange integral constants Xnm and Xnnmm were given Table S1, and
X0121 =
5
√
2
16
√
π
2
e2
4πǫℓ
. (96)
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The last term in Eq. (95) is the exchange interaction of the partially filled zero-energy Landau band and the deeper-
lying states. Further, using Eq. (68),
E
(3)
1
Nφ
=
E
(3)
0
Nφ
− 1
2
2∑
i=0
|zi|2(|zi|2− 1)Xii− 2X0121ℜ(z∗0z21z∗2)−
∑
i<j
(
Xij
2
(2|zi|2|zj |2 − |zi|2 − |zj|2) +Xiijj |zi|2|zj|2
)
−
− 1
2
∞∑
m=3
(
X0m|z0|2 +X1m|z1|2 +X2m|z2|2
)
sin θm cosφm, (97)
In the weak-coupling limit β(3) → 0, θm = 0 and the φm’s are irrelevant, and the last term in Eq. (97) vanishes.
Only the last-but-one term contains the phases of z0, z1 and z2. Without loss of generality one can choose z1 as
positive real. Then z0 = |z0|eiϕ and z2 = |γ|e−iϕ, thus the ground state manifold still has an orbital U(1) symmetry.
Optimizing the magnitudes numerically, we get
|z0|2 = 0.22418, |z1|2 = 0.47380, |z2|2 = 0.30201. (98)
In general, E
(3)
1 is minimized numerically with a Landau level cutoff at −M . See Figs. 3(a), S1(a), S2(a) for the
optimized parameters. Just like at ν = 0, the ground state at ν = 1 slightly prefers the sublattice that correspond
to the lower component of the spinor. There is no balanced state, as the particle-hole conjugation always connects
quantum Hall ferromagnets at different filling factor. Hence the ground state parameters evolve continuously with
the interaction strength; no bifurcation occurs.
FIG. S1: (Color online) Projection of the filled orbital to the negative-index Landau orbital at fixed |m| in the quantum Hall
ferromagnetic state at ν = 1, s− 1 in rhombohedral trilayer and fourlayer graphene.
B. Suppressing spin and valley, ν = 2
We seek the mean-field ground state at relative filling factor ν = 2 in the form
Ψ
(3)
2 =
∏
q
(
(z0cˆ0q + z1cˆ1q + z2cˆ2q) cˆ
†
0q cˆ
†
1q cˆ
†
2q
)
Ψ
(3)
0 , (99)
where Ψ
(3)
0 is the generic form of the integer quantum Hall state at ν = −6 defined in Eq. (61), and normalization
holds as in Eq. (94). The relevant expectation values are shown in Table S3. Following the same steps as for ν = 1,
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FIG. S2: (Color online) Weight of the filled orbital in each sublattice at fixed |m| in the quantum Hall ferromagnetic state at
ν = 1, s − 1 in rhombohedral trilayer and fourlayer graphene. In the upper row ν = −2s + 1, i.e., a single Landau level in
the zero-energy band is filled, in the lower row ν = 2s − 1, i.e., the all but one Landau level in the zero-energy band is full.
Particle-hole symmetry changes the preferred sublattice.
we get
E
(3)
2
Nφ
=
E
(3)
0
Nφ
− 1
2
2∑
i=0
Xii(1 − |zi|2)2 − 2X0121ℜ(z∗0z21z∗2)−
∑
i<j
(
Xij(1− |zi|2)(1 − |zj |2) +Xiijj |zi|2|zj |2
)−
−
∞∑
m=3
2∑
j=0
Xjm(1− |zj |2)w+(θm, φm). (100)
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In comparison to the energy expression at ν = 1,
E
(3)
2 − E(3)1
Nφ
=
∞∑
m=3
2∑
j=0
Xjm|zj |2 sin θm cosφm − 1
2
∞∑
m=3
(X0m +X1m +X2m) sin θm cosφm. (101)
Thus the sign of the last terms in Eqs. (69) and (97) changes. Thus if {z0, z1, z2, θm, φm} optimizes the ground state
energy at ν = 1, {z0, z1, z2, θm, φm + π} optimizes the ground state energy at ν = 2. Particle-hole symmetry holds,
i.e., the missing Landau levels at ν = 2 is the same as the filled ones at ν = 1.
〈
cˆ†
m′p
cˆmp
〉
m = 0 m = 1 m = 2
m′ = 0 |z1|
2 + |z2|
2 z0z
∗
1 z0z
∗
2
m′ = 1 z1z
∗
0 |z0|
2 + |z2|
2 z1z
∗
2
m′ = 2 z2z
∗
0 z2z
∗
1 |z0|
2 + |z1|
2
TABLE S3: The expectation values relevant to the Hartree-Fock mean-field Hamlitonian of the ABC trilayer using the varia-
tional ground state Ψ
(3)
2 in Eq. (99). For the cases of |m|, |m
′| ≥ 3, see Table S2.
See Figs. 3(a) and S2(c) for the optimized parameters. As compared to ν = 1, the preferential sublattices are
interchanged. There is no balanced state, as discussed before.
C. Including spin and valley
The argument is the same as in Subsection IVB. That is, the ground state at ν = −3, 0, 3 completely fills 1, 2 and
3 spin/valley components, respectively, with n = 0, 1, 2 orbitals; the remaining components have empty n = 0, 1, 2
orbital bands. Hund’s rule applies, and the filled components are selected by single-particle considerations. Here the
short-range anisotropic part of the electron-electron interaction also plays a role, as discussed in the literature.
At ν = −5,−2, 1, 4 the ground state has one spin/valley component for which the subspace spanned by the n = 0, 1, 2
orbitals is 1/3 filled, with a structure discussed in Subsection VA. The remaining components are either empty or
completely filled.
At ν = −4,−1, 2, 5 the ground state has one spin/valley component for which the subspace spanned by the n = 0, 1, 2
orbitals is 2/3 filled, with a structure discussed in Subsection VB. The remaining components are either empty of
completely filled. As the partially filled bands have are the particle-hole conjugates of the partially filled bands at
ν = −5,−2, 1, 4, particle-hole symmetry is obeyed.
VI. THE QUANTUM HALL FERROMAGNETS IN THE ZERO-ENERGY LANDAU BAND OF ABCA
FOUR-LAYER GRAPHENE
In this section we use the notation
ν = ν + 8. (102)
A. Suppressing spin and valley, ν = 1
We seek the mean-field ground state at relative filling factor ν = 1 of the zero-energy Landau band of ABCA
four-layer graphene in the form
Ψ
(4)
1 =
∏
q
(
z0cˆ
†
0q + z1cˆ
†
1q + z2cˆ
†
2q + z3cˆ
†
3q
)
Ψ
(4)
0 , (103)
where Ψ
(4)
0 is the generic form of the integer quantum Hall state at ν = −8 defined in Eq. (61), and
|z0|2 + |z1|2 + |z2|2 + |z3|2 = 1. (104)
The relevant expectation values are shown in Table S4.
Recall that angular integration in the mean-field Hamiltonian in Eq. (18) enforces |n| − |m| = |n′| − |m′|. The
allowed terms can be classified as follows:
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〈
cˆ†m′pcˆmp
〉
m = 0 m = 1 m = 2 m = 3 m ≥ 4 m ≤ −4
m′ = 0 |z0|
2 z∗0z1 z
∗
0z2 z
∗
0z3 0 0
m′ = 1 z∗1z0 |z1|
2 z∗1z2 z
∗
1z3 0 0
m′ = 2 z∗2z0 z
∗
2z1 |z2|
2 z∗2z3 0 0
m′ = 3 z∗3z0 z
∗
3z1 z
∗
3z2 |z3|
2 0 0
m′ ≥ 4 0 0 0 0 sin2
(
θm
2
)
sin
(
θ|m|
2
)
cos
(
θ|m|
2
)
eiφ|m|
m′ ≤ −4 0 0 0 0 sin
(
θm
2
)
cos
(
θm
2
)
e−iφm cos2
(
θ|m|
2
)
TABLE S4: The expectation values relevant to the Hartree-Fock mean-field Hamlitonian of the ABCA four-layer using the
variational ground state Ψ
(4)
1 in Eq. (103).
1. Sixteen cases where n, n′ ∈ {0, 1, 2, 3} and |m| = |m′| ≥ 4.
2. Sixteen cases where m,m′ ∈ {0, 1, 2, 3} and |n| = |n′| ≥ 4. In fact, these terms are identical to those of Case 1.
3. Sixteen cases n, n′ ∈ {0, 1, 2, 3} and m,m′ ∈ {0, 1, 2, 3}.
4. Fourteen cases enumerated in Table S5.
5. Fourteen cases that are identical to those in Table S5, with (n, n′) and (m,m′) interchanged.
n n′ m m′ exchange integral
0 1 0 1 X0011
1 2 1 2 X1122
2 3 2 3 X2233
0 1 1 2 X0121
1 2 0 1 X0121
0 1 2 3 X0213
2 3 0 1 X0213
1 2 2 3 X1223
2 3 1 2 X1223
0 2 0 2 X0022
1 3 1 3 X1133
0 2 1 3 X0113
1 3 0 2 X0113
0 3 0 3 X0033
TABLE S5: Terms contributing to the mean-field ground state energy of the state Ψ
(4)
1 of the ABCA four-layer graphene if
each of n, n′, m and m′ are in the zero-energy Landau band, but n 6= n′ (hence m 6= m′). We also show the relevant exchange
integrals [Eq. (19)], whose values are given in Table S1 and Eqs. (96) and (107).
The ground state energy is:
E
(4)
1
Nφ
=
E
(4)
0
Nφ
− 1
2
3∑
i=0
|zi|4Xii −
∑
i<j
|zi|2|zj |2(Xij +Xiijj)−
− 2X0121ℜ(z∗0z21z∗2)− 4X0213ℜ(z∗0z1z2z∗3)− 2X1223ℜ(z∗1z22z∗3)−
∞∑
m=4
3∑
j=0
Xjm|zj |2w+(θm, φm), (105)
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where we refer to Table S1, and
X0213 =
√
3
16
√
π
2
e2
4πǫℓ
, (106)
X1223 =
5
√
3
32
√
π
2
e2
4πǫℓ
. (107)
Without loss of generality z1 can be taken positive real. Then the minimization of the three terms in Eq. (105) that
depends on the phase of the coefficients yields only two independent equations; the ground state manifold has U(1)
symmetry. Using Eq. (68),
E
(4)
1
Nφ
=
E
(4)
0
Nφ
− 1
2
3∑
i=0
|zi|2(|zi|2 − 1)Xii −
∑
i<j
(
Xij
2
(2|zi|2|zj |2 − |zi|2 − |zj|2) +Xiijj |zi|2|zj|2
)
−
− 2X0121ℜ(z∗0z21z∗2)− 4X0213ℜ(z∗0z1z2z∗3)− 2X1223ℜ(z∗1z22z∗3)−
1
2
∞∑
m=4
3∑
j=0
Xjm|zj |2 sin θm cosφm. (108)
Notice that only the last term contains and odd number of factors of sine/cosine functions of the phases φm.
Keeping the magnitudes |z0|, |z1|, and |z2| as independent variables and considering the weak coupling β(4) → 0
limit, numerical optimization of E
(4)
1 yields
|z0|2 = 0.1323, |z1|2 = 0.3471, |z2|2 = 0.3549, |z3|2 = 0.1657. (109)
For generic β(4), a Landau level cutoffM is introduced by setting θm>M = 0, and the energy minimization is performed
numerically. See Fig. 3(b), S1(b), and S2(b) for the optimized parameters. Again, there are neither balanced states
nor bifurcations, as the particle-hole symmetry connects quantum Hall ferromagnetic states at different filling factors.
B. Suppressing spin and valley, ν = 3
〈
cˆ†m′pcˆmp
〉
m = 0 m = 1 m = 2 m = 3
m′ = 0 |z1|
2 + |z2|
2 + |z3|
2 −z0z
∗
1 −z0z
∗
2 −z0z
∗
3
m′ = 1 −z1z
∗
0 |z0|
2 + |z2|
2 + |z3|
2 −z1z
∗
2 −z1z
∗
3
m′ = 2 −z2z
∗
0 −z2z
∗
1 |z0|
2 + |z1|
2 + |z3|
2 −z2z
∗
3
m′ = 3 −z3z
∗
0 −z3z
∗
1 −z3z
∗
2 |z0|
2 + |z1|
2 + |z2|
2
TABLE S6: The expectation values relevant to the Hartree-Fock mean-field Hamlitonian of the ABCA four-layer using the
variational ground state Ψ
(4)
3 in Eq. (110). For the cases of |m|, |m
′| ≥ 4, see Table S4.
We seek the mean-field ground state at relative filling factor ν = 3 in the form
Ψ
(4)
3 =
∏
q
(
(z0cˆ0q + z1cˆ1q + z2cˆ2q + z3cˆ3q) cˆ
†
0q cˆ
†
1q cˆ
†
2q cˆ
†
3q
)
Ψ
(4)
0 , (110)
where Ψ
(4)
0 is the generic form of the integer quantum Hall state at ν = −8 defined in Eq. (61), and Eq. (104) holds
for normalization. The relevant expectation values are shown in Table S6, and the ground state energy is
E
(4)
3
Nφ
=
E
(4)
0
Nφ
− 1
2
3∑
i=0
Xii(1 − |zi|2)2 −
∑
i<j
(
Xij(1 − |zi|2)(1 − |zj|2) +Xiijj |zi|2|zj|2
)−
− 2X0121ℜ(z∗0z21z∗2)− 4X0213ℜ(z∗0z1z2z∗3)− 2X1223ℜ(z∗1z22z∗3)−
∞∑
m=4
3∑
j=0
Xjm(1− |zj |2)w+(θm, φm). (111)
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In comparison to the energy expression at ν = 1, Eqs. (105) and (108),
E
(4)
3 − E(3)1
Nφ
=
∞∑
m=4
3∑
j=0
Xjm|zj |2 sin θm cosφm − 1
2
∞∑
m=3
3∑
j=0
Xjm sin θm cosφm, (112)
Thus the sign of the last terms in Eqs. (69) and (108) changes. If {z0, z1, z2, z3, θm, φm} optimizes the ground state
energy at ν = 1, {z0, z1, z2, z3, θm, φm + π} optimizes the ground state energy at ν = 3. The missing Landau levels
at ν = 3 is the same as the filled ones at ν = 1. Therefore, particle-hole symmetry holds. Again, the preferential
sublattices at ν = 1 and ν = 3 are interchanged; there are no balanced states or bifurcations.
C. Suppressing spin and valley, ν = 2
We seek the mean-field ground state at ν = 2, i.e., when the four-fold orbitally degenerate zero energy Landau
band of rhombohedral four-layer graphene is half-filled, in the following form:
Ψ
(4)
2 =
∏
q
∑
i<j
wij cˆ
†
iq cˆ
†
jq
Ψ(4)0 , (113)
where Ψ
(4)
0 is still the generic state at ν = −8 defined in Eq. (61), and∑
i<j
|wij | = 1. (114)
The relevant expectation values are given in Table S7.
〈
cˆ†m′pcˆmp
〉
m = 0 m = 1 m = 2 m = 3
m′ = 0 |w01|
2 + |w02|
2 + |w03|
2 w∗02w12 + w
∗
03w13 w
∗
03w23 − w
∗
01w12 −w
∗
01w13 − w
∗
02w23
m′ = 1 w02w
∗
12 + w03w
∗
13 |w01|
2 + |w12|
2 + |w13|
2 w∗01w02 + w
∗
13w23 w
∗
01w03 − w
∗
12w23
m′ = 2 w03w
∗
23 − w01w
∗
12 w01w
∗
02 + w13w
∗
23 |w02|
2 + |w12|
2 + |w23|
2 w∗02w03 + w
∗
12w13
m′ = 3 −w01w
∗
13 − w02w
∗
23 w01w
∗
03 − w12w
∗
23 w02w
∗
03 + w12w
∗
13 |w03|
2 + |w13|
2 + |w23|
2
TABLE S7: The expectation values relevant to the Hartree-Fock mean-field Hamlitonian of the ABCA four-layer using the
variational ground state Ψ
(4)
2 in Eq. (113). For the cases of |m|, |m
′| ≥ 4, see Table S4.
The mean-field ground state energy is
E
(4)
2
Nφ
=
E
(4)
0
Nφ
− 1
2
3∑
i=0
XiiC
2
ii −
∑
i<j
XijCiiCjj −
∑
i<j
Xiijj |Cij |2−
− 2X0121ℜ(C21C01)− 2X0213ℜ(C01C32 + C31C02)− 2X1223ℜ(C32C12)−
∞∑
m=4
3∑
j=0
XjmCjjw
+(θm, φm), (115)
where Cij is the matrix in Table S7. Notice that only the second row of Eq. (115) depends on the phases of wij .
Letting wij = |wij |eiφij with φij real, differentiation of E
(4)
2
Nφ
by the phases φij yields only four independent equations.
The dependencies between the six derivatives are as follows:
∑
i<j
∂
∂φij
E
(4)
2
Nφ
= 0, (116)
2
∂
∂φ01
E
(4)
2
Nφ
+
∂
∂φ02
E
(4)
2
Nφ
− ∂
∂φ13
E
(4)
2
Nφ
− 2 ∂
∂φ23
E
(4)
2
Nφ
= 0. (117)
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Eq. (116) simply expresses the arbitrariness of a global phase, while Eq. (117) states that the ground state energy is
unchanged by the following transformation of the phases:
φ01 → φ01 + 2δ, φ02 → φ02 + δ, φ13 → φ13 − δ, φ23 → φ23 − 2δ. (118)
This fact can also be checked by inspecting the middle line of Eq. (115). Therefore, the ground state manifold has
U(1) symmetry just like for ν = 1 and ν = 3.
For convenience, the ground state energy can be written as
E
(4)
2
Nφ
=
E
(4)
0
Nφ
− 1
2
3∑
i=0
XiiCii(Cii − 1)− 1
2
∑
i<j
Xij(2CiiCjj − Cii − Cjj)−
∑
i<j
Xiijj |Cij |2−
− 2X0121ℜ(C21C01)− 2X0213ℜ(C01C32 + C31C02)− 2X1223ℜ(C32C12)− 1
2
∞∑
m=4
3∑
j=0
XjmCjj sin θm cosφm. (119)
Inspecting Table S7, one can check that particle-hole conjugation maps a mean-field ground state {wij , θm, φm} to
{w01 ↔ w23, w02 ↔ −w13, w03 ↔ w12, θm, φm + π}.
In the weak coupling limit β(4) → 0 the last term in Eq. (119) vanishes, and the θm angles do not deviate from the
value selected by single-particle considerations, i.e., θm = 0. Then E
(4)
2 can be minimized numerically in the space of
the five independent magnitudes γ01, γ02, γ03, γ12, γ13, and the four independent phases φ02, φ03, φ12, φ13. Without
loss of generality, one can choose φ01 = φ23 = 0 and obtain
w01 = w23 = 0.311, w02 = 0.504e
0.035i, w03 = 0.387e
0.012i, w12 = 0.387e
−0.014i, w02 = 0.504e0.04i. (120)
Now, as the band at zero energy is half-filled, particle-hole conjugation in a fixed spin/valley subspace does not
change the filling partial factor ν, there is a chance that “balanced” states exist. These would be analogous to the
|z0| = |z1| = 1√2 state (or, in the alternative parametrization, θ =
π
2 ) in bilayer graphene at ν = 1. The occupation of
the zero-energy orbitals must be such that the last term in Eq. (69) is cancelled, which by Eq. (119) requires Cii =
1
2 .
This is equivalent to |w01| = |w23|, |w02| = |w13|, and |w03| = |w12|. Then θm = 0, and the optimization of the wij ’s
involves six independent parameters only.
As Fig. 2(b) demonstrates, with finite β(4) & 2.6, the variational state restricted to the “balanced” subspace yields
higher energies than the complete search, which indicates a bifurcation as minima must come in particle-hole conjugate
pairs, as only the members of the balanced subspace are their own particle-hole conjugates.
VII. THE EVALUATION OF EXCHANGE INTEGRALS
The integral in Eq. (20) can be evaluated in closed form as follows. Assume n′ > n,
Xn′n =
∫
d2k
(2π)2
e2
4πǫ
2π
k
|Fn′n(k)|2
=
e2
4πǫ
∫ ∞
0
dk
n!
(n′)!
(
k2ℓ2
2
)n′−n(
Ln
′−n
n
(
k2ℓ2
2
))2
e−k
2ℓ2/2
=
e2
4πǫℓ
∫ ∞
0
dx
1√
2
n!
(n′)!
xn
′−n−1/2
(
Ln
′−n
n (x)
)2
e−x
=
e2
4πǫℓ
Γ(n′ − n+ 1/2)Γ(n+ 1/2)√
2πn!(n′ − n)! 3F2
(
1
2
,−n, n′ − n+ 1
2
;
1
2
− n, n′ − n+ 1; 1
)
. (121)
Here we have introduced x = k
2ℓ2
2 and used the identity∫ ∞
0
dt tα−1e−ptLλm(pt)L
β
n(pt) =
p−αΓ(α)Γ(n− α+ β + 1)Γ(m+ λ+ 1)
m!n!Γ(1− α− β)Γ(λ + 1) ×
× 3F2 (−m,α, α− β;−n+ α− β, λ+ 1; 1) (122)
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with p = 1, λ = β = n′ − n, m = n and α = n′ − n + 12 . For n′ < n, Xn′n = Xnn′ follows by F ∗n′n(k) = Fnn′ (−k).
The same method yields
X
(s)
n′n =
e2
4πǫℓ
Γ(n′ − n+ 1/2)Γ(n+ 1/2− s)√
2π(n′ − n)!
√
(n′)!
n!(n− s)!(n′ − s)!×
× 3F2
(
1
2
,−n, n′ − n+ 1
2
;
1
2
+ s− n, n′ − n+ 1; 1
)
. (123)
Xn′n is, of course, just the s = 0 special case of X
(s)
n′n.
VIII. USEFUL IDENTITIES
Eq. (67), i.e.,
∑
n |Fn′n(k)|2 = 1 for arbitrary but fixed n′, is a consequence of the completeness of the Landau
orbitals of the two-dimensional electron gas. Using the orbitals in Eq. (6),
δ(q′ − q′′) =
∫
d2rη∗n′q′ (r)ηn′q′′ (r) =
∫
d2r
∫
d2r′η∗n′q′(r)e
−ik·rδ(r− r′)eik·r′ηn′q′′(r′) =
=
∫
d2r
∫
d2r′η∗n′q′(r)e
−ik·r
( ∞∑
n=0
∫
dqηnq(r)η
∗
nq(r
′)
)
eik·r
′
ηn′q′′(r
′) =
=
∞∑
n=0
∫
dq
(∫
d2rη∗n′q′(r)e
−ik·rηnq(r)
)(∫
d2r′η∗nq(r
′)eik·r
′
ηn′q′′ (r
′)
)
=
=
∞∑
n=0
∫
dqδ(q − q′ − ky)Fn′n(k)e−ikxℓ
2 q+q′
2 δ(q′′ − q + ky)Fnn′(−k)eikxℓ
2 q+q′′
2 =
=
∞∑
n=0
|Fn′n(k)|2e
−ikxℓ2
(
q′
2 +
ky+q
′
2
)
δ(q′′ + ky − (q′ + ky))e
ikxℓ
2
(
q′′
2 +
ky+q
′
2
)
=
∞∑
n=0
|Fn′n(k)|2δ(q′′ − q′). (124)
Analogous statements hold for the form factors of rhombohedral multilayers:∑
n
|F (s)n′n(k)|2 = 1. (125)
Eq. (125) is derived from Eq. (67) as follows. If 0 ≤ n′ < s,
∑
n
|F (s)n′n(k)|2 =
s−1∑
n=0
|Fn′n(k)|2 +
∑
|n|≥s
1
2
|Fn′n(k)|2 = 1. (126)
Otherwise,
′∑
n
|F (s)n′n(k)|2 =
1
2
s−1∑
n=0
|Fn′n(k)|2+
+
∞∑
n=s
1
4
(|Fn′n(k)|2 + |Fn′−s,n−s(k)|2 + Fn′n(k)F ∗n′−s,n−s(k) + F ∗n′n(k)Fn′−s,n−s(k))+
+
∞∑
n=s
1
4
(|Fn′n(k)|2 + |Fn′−s,n−s(k)|2 − Fn′n(k)F ∗n′−s,n−s(k) − F ∗n′n(k)Fn′−s,n−s(k)) =
=
1
2
∞∑
n=0
|Fn′n(k)|2 + 1
2
∞∑
n=s
|Fn′−s,n−s(k)|2 = 1. (127)
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1 The Fn′n(q) functions are nothing but the single-particle states of the two-dimensional electron gas in the symmetric gauge,
apart from normalization. They can be shown easily to obey the following orthogonality and completeness relations:
∫
d2qFn′n(q)F
∗
m′m(q) = 2πδnmδn′m′ , (128)
∞∑
n,n′=0
Fn′n(q)F
∗
n′n(q
′) =
1
2π
δ(q− q′). (129)
2 One might object that ρˆσσ′(q) is not well-defined in the absence of translational invariance. Then consider ρˆσσ′(q) as the
Fourier transform of ρˆσσ′(r, 0) before the ǫ→ +0 limit is taken.
